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THE KLEIN-GORDON EQUATION, THE HILBERT TRANSEORM, AND DYNAMICS 

OE GAUSS-TYPE MAPS 

HAAKAN HEDENMALM AND ALEONSO MONTES-RODRIGUEZ 


Abstract. A pair (E, A), where E c is a locally rectifiable curve and A c R^ is a Heisenberg 
uniqueness pair if an absolutely continuous finite complex-valued Borel measure supported on E 
whose Fourier transform vanishes on A necessarily is the zero measure. Here, absolute continuity 
is with respect to arc length measure. Recently, it was shown by Hedenmalm and Montes that 
if E is the hyperbola x^X 2 = where M > 0 is the mass, and A is the lattice-cross 

(ttZ X |0}) U (|01 X /3Z), where a,/3 are positive reals, then (E, A) is a Heisenberg uniqueness pair if 
and only if afiM^ < 47t^. The Fourier transform of a measure supported on a hyperbola solves the 
one-dimensional Klein-Gordon equation, so the theorem supplies very thin uniqueness sets for 
a class of solutions to this equation. By rescaling, we may assume that the mass equals M = 2n, 
and then the above-mentioned theorem is equivalent to the following assertion: the functions 

e™"", e“™f*"/', m,neX, 

span a weak-star dense subspace of L“(R) if and only if 0 < tt/3 < 1. The proof involved ideas from 
Ergodic Theory. To be more specific, in the critical regime afi = 1, the crucial fact was that the 
Gauss-type map t h-> -1/t modulo 2Z on [-1,1] has an ergodic absolutely continuous invariant 
measure with infinite total mass. However, the case of the semi-axis R+ as well as the holomorphic 
counterpart remained open, in this work, we completely solve these two problems. Both results 
can be stated in terms of Heisenberg uniqueness, but here, we prefer the concrete formulation. 
As for the semi-axis, we show that the restriction to R+ of the functions 

giTiami^ e“i"f*"/', m,neZ., 

span a weak-star dense subspace o/L“(R+) if and only if 0 < af < 4. Moreover, in the critical regime 
afS = 4, the weak-star span misses the mark by one dimension only. The proof is based on the 
dynamics of the standard Gauss map f 1/f mod Z on the interval [0,1]. in particular, we find 
that for 1 < < 4, there exist nontrivial functions / £ (R) with 

f e‘"'""7(f)dt = f e“‘"'^"''7(t)df = 0, m,neZ, 

Jr Jr 

and that each such function is uniquely determined by its restriction to any of the semiaxes R+ 
and R_. This is an instance of dynamical unique continuation. 

As for the holomorphic counterpart, we show that the functions 

m,f!eZ+U|01, 

span a weak-star dense subspace o/H"(R) if and only if 0 < af < 1. Here, H“(R) is the subspace 
of L“(R) which consists of those functions whose Poisson extensions to the upper half-plane 
are holomorphic. in the critical regime afS = 1, the proof relies on the nonexistence of a certain 
invariant distribution for the above-mentioned Gauss-type map on the interval ]-!,![, which is 
a new result of dynamical flavor. The latter result is explained in full detail elsewhere. 
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1. Introduction 

1.1. Heisenberg uniqueness pairs. Let be a finite complex-valued Borel measure in the 
plane IR^, and associate with it the Fourier transform 

P(5):= r e‘"<"'«dp(x), 

Jr2 

where x = (xi, X 2 ) and ^ = (^ 1 , ^ 2 ), wifh inner producf 

(X,0 = +X2i2- 

The Fourier fransform fi is a confinuous and bounded funcfion on In IIT^ , fhe concepf 
of a Heisenberg uniqueness pair (HUP) was infroduced. If is similar fo fhe nofion of weakly 
mufually annihilafing pairs of Borel measurable sefs having posifive area measure, which 
appears, e.g., in fhe book by Havin and Joricke ITSl . For F c which is finife disjoinf union of 
smoofh curves in R^, lef M(F) denofe fhe Banach space of complex-valued finife Borel measures 
in R^, supporfed on F. Moreover, lef AC(F) denofe fhe closed subspace of M(F) consisfing of 
fhe measures fhaf are absolufely confinuous wifh respecf fo arc lengfh measure on F. 

Definition 1.1.1. Let F be a finite disjoint union of smoofh curves in R^. For a sef A c R^, we 
say fhaf (F, A) is a Heisenberg uniqueness pair provided fhaf 

Vp e AC(F) : pU = 0 p = 0. 

Heisenberg uniquess pairs in which F is a sfraighf line or fhe union of two parallel lines 
were described in EH. Lafer, Blasi ||5| solved parficular cases of fhe union of fhree parallel 
lines. The ellipse case was considered independenfly by Lev and Sjolin in 1121] and 1271 : Sjolin 
also considered fhe parabola in l28] . More recenfly, Jaming and Kellay in 119] developed new 
fools fo sfudy Heisenberg uniqueness pairs for a variefy of curves F. 

1.2. The Zariski closure. We furn fo fhe nofion of fhe Zariski closure. Nofe fhaf fhe Zariski 
fopology (or hull-kernel topology) is a sfandard concepf in e.g. Algebraic Geomefry in fhe 
seffing of spaces of pol 5 momials. As for nofafion, we lef AC(F;A) be the subspace of AC{T) 
consisting of those measures p whose Fourier transform vanishes on A. 

Definition 1.2.1. Let F be a finite disjoint union of smoofh curves in R^, and lef lef A c R^ be 
arbifrary. Wifh respecf fo AC(F), fhe Zariski closure of A is fhe sef 

zclosr(A) := e R^ : [Vp e AC(F; A) : p(^) = 0]). 

Less formally, fhe Zariski closure (or hull) is fhe sef where fhe Fourier fransform of a measure 
p e AC(F) musf vanish given fhaf if already vanishes on A. Now, as fhe Fourier image of AC(F) 
does nof form an algebra wifh respecf fo poinfwise mulfiplicafion of funcfions, we cannof expecf 
fhe Zariski closure fo correspond fo a fopology This means fhaf fhe infersecfion of fwo Zariski 
closures need nof be a closure ifself. If is easy fo see fhaf fhe closure operafion is idempofenf, 
however: zclos^ = zclosr. In ferms of fhe Zariski closure, we may express fhe uniqueness pair 
properfy convenienfly: (T, A) is a Heisenberg uniqueness pair if and only if 

zclosr(A) = R^. 

1.3. The Klein-Gordon equation. In natural units, the Klein-Gordon equation in one spatial 
dimension reads 

dj M - d^u + M^u - 0. 

In terms of fhe (preferred) coordinafes 

:=t + x, ^2 --t-x, 

fhe Klein-Gordon equafion becomes 

( 1 . 3 . 1 ) -E —M = 0 . 
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Remark 1.3.1. Since f -x^ = the time-like vectors (those vectors {t,x) e with f - x^ > 0) 
correspond to the union of the first quadrant <5i, <^2 > 0 and the third quadrant Ei, .^2 < 0 in the 
(^, ^ 2 )-plane). Likewise, the space-like vectors correspond to the union of fhe second quadranf 
(^1 > 0, <^2 < 0 and fhe fourfh quadranf <5i < 0, <^2 > 0. 


1.4. Fourier analytic treatment of the Klein-Gordon equation. In the sequel, we will not 
need to talk about the time and space coordinates (f, x) as such. So, e.g., we are free fo use fhe 
nofafion x = (xi, X 2 ) for fhe Fourier dual coordinafe fo <^ = (c^i, <^ 2 )- 

Lef A1(]R^) denofe fhe Banach space of all finife complex-valued Borel measures in We 
suppose fhaf u is fhe Fourier fransform of a p e A1(]R^): 


(1.4.1) 


u{Q = fi{Q-.= f e'"<"'^>dp(x), ^ 


e W. 


The assumption fhaf u solves fhe Klein-Gordon equafion (11.3.Ill would ask fhaf 

IVf 


(^1^2 - 


= 0 


as a measure on ]R^, which we see is fhe same as a requiremenf on fhe supporf sef of fhe 
measure p: 


(1.4.2) 


suppp c Fm := ^x e ]R^ : X 1 X 2 = ^^|- 


The sef T^ is a h 5 rperbola. We may use fhe xi-axis fo supply a global coordinafe for F^, and 
define a complex-valued finife Borel measure Trip on IR by setting 

(1.4.3) 7Tip(E) = I d7Tp(xi) := p(E X ]R) = | dp(x). 

*Je *JexM. 

We shall at times refer fo Trip as fhe compression of p fo fhe xi-axis. If is easy fo see fhaf p may 
be recovered from Trip; indeed, 

(1.4.4) u{Q = fl{Q= f e”Ki'-'"'^^/(4"'')'dTrip(f), 

Jrx 

Here, we use fhe sfandard nofafional convenfion R \ {0}. We nofe fhaf p is absolufely 

continuous with respect to arc length measure on Fm if and only if Trip is absolufely continuous 
with respect to Lebesgue length measure on R^. 


1.5. The lattice-cross as a uniqueness set for solutions to the Klein-Gordon equation. For 

positive reals a, |3, let denote the lattice-cross 

(1.5.1) := (aZ x {0}) U ({0} x pX), 

so that the spacing along the <Ji-axis is a, and along the .^ 2 -axis it is jS. In the work llT^ , 
Hedenmalm and Montes-Rodriguez found fhe following. 

Theorem 1.5.1. (Hedenmalm, Monies) Fix positive reals Then (Fm, A„,^) is a Heisenberg 

uniqueness pair if and only ifaflvE < 

In ferms of fhe Zariski closure, fhe fheorem says fhaf 

zclosr„(Aa,;i) = R^ 

holds if and only if aflvE < An^. By faking fhe relafion (ll.4.4t info accounf, and by reducing fhe 
redundancy of fhe consfanfs (i.e., we may wifhouf loss of generalify consider M = 2n and a = 1 
only). Theorem [L5T] is equivalent to the following sfafemenf: the linear span of the functions 

ffl,« £ Z, 

is weak-star dense in L“(R) if and only if f <1. Here, we supply new and unexpecfed insighf info 
fhe fheory of Heisenberg uniqueness pairs, such as a new connecfion wifh fhe sfandard Gauss 
map (mofivafed by Theorem II. 6. H , and, more imporfanfly, we uncover, in fhe framework of 
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Fourier Analysis, profound connections between the Hilbert transform and the d 5 mamics of 
transfer operators intimately related to Gauss-t 5 rpe maps leading up to Theorem ll.8.21 


I. 6. Dynamic unique continuation from a branch of the hyperbola. Just looking at Theorem 

II. 5.11 one immediately is led to ask what happens if we replace the h 5 rperbola Tm by one of its 
two branches, say 

(1.6.1) F)^ := Fm n (]R+ X 1R+) = |x e IR^ : xiX 2 = and xi > o|. 

First, we will provide a uniqueness theorem for the branch F)J^ of the h 5 rperbola F^, which 
turns out to be closely related to the famous Gauss-Kuzmin-Wirsing operator and the Gauss 
map X i-> 1/x mod Z. 


Theorem 1.6.1. Fix positive reals Then {T^,Aa,p) is a Heisenberg uniqueness pair if and 

only if afiM^ < 16n^. Moreover, in the critical case afiM^ = 167i^, the space AC(F)[^, is the 
one-dimensional space spanned by the measure po £ AC(F)J^, A^,^) whose xi-compression is given by 


dTripo(t) 


l[0,2/a](t) _ l[2/a ,+oo m^t 

2(2 + at) at{2 + at) j 


The proof of Theorem ll.6.1l is presented in SectionIn the same section, it is also shown 
that in the critical parameter regime af = IGrf, the couple (r)J)j, A*^) is indeed a Heisenberg 
uniqueness pair, where A*^ := A^,^ U {^*], and e ({0} X ]R) U (IR X {0}) is any point off the 
lattice-cross A^,^ (see Theorem 16.1.11 . The analysis of the proof of Theorem 16.1.11 involves a 
geometric object known as the Nielsen spiral. 

Again, by taking the relation (11.4.41 into account, and by reducing the redundancy of the 
constants (i.e., we may without loss of generality consider M = 2n and a = 1 only), it is easy 
to see that Theorem ll.6.1l entails the following assertion: the restriction to 1R+ of the linear span of 
the functions 


is weak-star dense in L“’(]R+) if and only if fi < A. Moreover, ifji = 4 the weak-star closure of this linear 
span has codimension one in L°°(]R+). 

Theorem 11.6.11 has the following consequence in terms of unique continuation from the 
branch TjJ^, or the complementary branch Fj(^ := Fm \ FjJ^, to the entire h 5 q)erbola F^. 


Corollary 1.6.2. Fix positive reals a,[i,M. Then p e AG(FM,Aa^^) is uniquely determined by its 
restriction to the hyperbola branch Fj(^ if and only ifafM^ < Ibn^. The same holds with Fjj^ replaced 
by FjJ;^ as well. 

1.7. The Zariski closure of the axes and half-axes. We first consider the Zariski closure of 
the two axes IR x {0) and {0) x R with respect to the space AC(Fm) of absolutely continuous 
measures, with respect to arc length, on the h 5 rperbola F^. 


Proposition 1.7.1. Fix a positive real M. Ifp^ AC{TM)issuchthat pvanishesoneoftheaxes,'Rx{0} 
or {0} X R, then p = 0 identically. In terms of Zariski closures, this means that 

zclosr„(R X (0)) = zclnsr^dO) x R) = R^. 


The proof of Proposition [T7T] is supplied in Section |2l 

The next proposition will show the difference between time-like and space-like quarter- 
planes. First, we need some notation. Let R+ := {t e R : t > 0) and R_ {t £ R : t < 0} 
be the positive and negative half-lines, respectively. We write R+ {f £ R : f > 0| and 
R_ {f £ R : f < 0} for the corresponding closed half-lines. 
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Proposition 1.7.2. Fix a positive real M. Then the Zariski closures of each of the four semi-axes 
R+ X (0}, M- X {0|, (0} X R+, and {0} x R_, are as follows: 

zclosrM(R+ X {0}) = zdcsr^dO) x R_) = R+ x R_ 

and 

zclosrjviCR- X {0)) = zclosr„((0} x R+) = R_ X R+. 


The proof of Proposifion ll.7.2] is also supplied in Section |2] 

Remark 1.7.3. In each of fhe insfances in Proposifion ll.7.2l we nofe fhaf fhe Zariski closure of a 
semi-axis equals fhe fopological closure of fhe adjacent quadrant of space-like vectors. 

1.8. The Zariski closure of the lattice-cross restricted to a time-like or space-like quadrant. 

Let us write 

11,2,3,...), Z_ :={-!,-2,-3,...}, Z+,o := (0,1,2,. ..}, Z_,o := {0,-1,-2,...) 

for fhe sefs of posifive, negafive, nonnegafive, and nonposifive infegers, respecfively. We 
consider fhe following four portions of fhe laffice-cross given by (11.5.11 : 

:= (aZ +,0 X {0)) U ({0) x jSZ+), := (aZ+,o x {0)) U ({0) X jSZ_), 

and 

A“+ := (aZ_,o x {0)) U ({0) x |3Z+), A~ := (aZ_,o x {0)) U ({0) x jSZ_). 

We firsf calculafe fhe Zariski closure of fhe fwo of fhese, fhaf is, fhe firsf and fhird quadranfs, 
which are fime-like. 

Theorem 1.8.1. (fime-like) Fix positive reals a,f,M. Then for each point .J* e R^ \ there exists 
a measure p e AC(rM) such that p = 0 on A^^, while at the same time p{^*) + 0. Moreover, the same 
assertion holds provided that A^^ is replaced by A~~. In terms of Zariski closures, this means that 

zclosr„(A+p = A++, zclosr„(A--) = A”. 


The proof of Theorem 11.8.11 which is presenfed in Section requires careful handling of 
fhe H^-BMO dualify and fhe explicif calculation of fhe Fourier fransform of fhe unimodular 
function 1 1 —> as a tempered distribution. 

We turn to the Zariski closures of fhe remaining fwo portions of fhe laffice-cross. We firsf 
write down the statement in terms of weak-sfar closure of fhe linear span of a sequence of 
unimodular functions, and fhen explain whaf if means for fhe Zariski closure in fhe form of a 
corollary. This is our second main resulf. 

As for nofafion, lef H”(R) denofe fhe weak-sfar closed subspace of L‘”(R) consisting of fhose 
functions whose Poisson exfension fo fhe upper half-plane is holomorphic. 

Theorem 1.8.2. Fix positive reals a, f. Then the functions 

ginamf^ ^-iupn/t ^ m,n = 0,1,2,..., 

which are elements o/H“(R), span together a weak-star dense subspace o/H“(R) if and only ifafi < 1. 


A sfandard Mobius mapping brings fhe upper half-plane fo fhe unif disk D, and idenfifies 
fhe space H”(R) wifh H°°(D), fhe space of all bounded holomorphic functions on D. For fhis 
reason, Theorem ll.8.2l is equivalent to the following assertion, which we state as a corollary. 

Corollary 1.8.3. Fix positive reals Ai, A 2 . Then the linear span of the inner functions 
(j)i(z)'" = exp ^mA \ ^ | j = exp ^nA 2 ^ | 

is weak-star dense set in H“(D) if and only if A 1 A 2 ^ 


m,n = 0,1,2,..., 
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We suppress the trivial proof of fhe corollary. 

Remark 1.8.4. Clearly, Corollary [L83] supplies a complefe and affirmative answer fo Problems 
1 and 2 in 1231 . We recall fhe quesfion from f23l : fhe issue was raised whefher fhe algebra 
generated by the two irmer functions 

(pi{z) = exp^Ai^^j and (p 2 {z) = 

for 0 < Ai, A 2 < + 00 , is weak-sfar dense in H°°(D) if and only if A 1 A 2 < The "only if" was 
understood already in l23l . As poinfed ouf in l23l , if is a consequence of Corollary II. 8 . 3l fhaf 
for A 1 A 2 < n^, fhe laffice of fhe closed subspaces invarianf wifh respecf fo multiplication by 
fhe two irmer funcfions <pi, (p 2 coincides wifh fhe usual shiff invarianf subspaces in fhe Hardy 
space HP(D), where 1 < p < + 00 . 

Remark 1.8.5. If is impossible fo derive fhe assertion of Theorem 11.8.21 from Theorem 11.5.11 
If is a much finer statement. In Section [TTJ we explain how fhe resulf relies on a hifherfo 
unknown resulf, presented in llTl , which exfends fhe sfandard ergodic fheory for cerfain 
Gauss-f 5 rpe transformations on fhe inferval h :=] — 1 , 1 [, where fhe novelfy is fhaf we may 
handle disfribufions where fhe sfandard fheory has only measures. The relevanf space of 
disfribufions is obfained as fhe resfricfion fo h of L^(]R) plus HL^(]R), where H is fhe Hilberf 
fransform (i.e., convolufion wifh fhe principal value disfribufion pv^ on fhe line). The issue 
has fo do wifh fhe uniqueness of fhe absolufely confinuous invarianf measure in fhe larger 
space. Thinking physically, in fhe larger space, we have fwo f 5 rpes of particles, localized and 
delocalized. The localized particles are represented by 64 ;, whereas delocalized particles are 
represented by H 6 ^, for some real f. The sfate space allows for scalar multiples of localized 
and delocalized particles, and linear combinations of fhem. Finally, we are looking for such 
localized and delocalized parficles smeared ouf in an absolufely confinuous way, and call if 
an invariant state if if is preserved under fhe corresponding Gauss-f 5 rpe map. This generalizes 
fhe notion of fhe absolufely confinuous invarianf measure which is sfandard in ergodic fheory, 
and since uniqueness issues for the invariant measure translate to ergodic properties, we are 
left with a far-reaching generalizafion of ergodic fheory. We have nof been able fo find any 
appropriate references for similar considerations in fhe literafure, buf suggesf fhaf fhere may 
be some relevance of fhe works |0 and ||4l for fhe discrete seffing, and 0 for flows. 

All fhe efforf in lllTl is developed fo deal wifh fhe "if" parf of fhe assertion of Theorem ll.8.21 
On fhe ofher hand, fhe "only if" parf is much simpler, as for insfance fhe work in |[7l shows fhaf 
in case afi > 1 , fhe weak-sfar closure of fhe linear span in quesfion has infinife codimension in 
H“(]R). 

Theorem 11.8.21 can be resfafed in terms of uniqueness properfies of solufions fo fhe Klein- 
Gordon equation. Note that in the statement below, the pair (A|^^, 1R+ x ]R_) can be replaced by 
(A“^, ]R_ X ]R+) without perturbing the validity of fhe resulf. 

Corollary 1.8.6. Fix positive reals a,j5,M with afJVP- < in^. Suppose that u = fi solves the Klein- 
Gordon equation (11.3.It , where p is finite complex Borel measure on which is assumed absolutely 
continuous with respect to one-dimensional Hausdorff measure. Then the values of u on the space-like 
quarter-plane 1R+ X ]R_ are determined by the values of u on the set A^“, which is the portion of the 
lattice-cross in the given quarter-plane. This property does not hold for afilVp- > Ati^. 

This formulation is actually a consequence of fhe Zariski closure resulf of Corollary 11.8.71 
below, so we refer to the explanatory remarks that follow righf affer if. 

Corollary 1.8.7. (space-like) Fix positive reals a, ji, M. The following assertions are equivalent: 

(i) zclosr„(A+-) = ]R+ X ]R_, 

(ii) zclosr„(A“+) = ]R_ x 1R+, 

(in) afIVf < 4:71^. 
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Here, the main part of the equivalence (i)<^(iii) is the implication (iii)=>(i'), where (i') is as 
follows: 

(i') zclosrM(A+“) D R+ X ]R_. 

The latter implication can be undersfood in fhe following ferms. Under fhe densify condifion 
(iii), any measure p e AC(rA,i) whose Fourier transform p vanishes on A^^, has fhe properfy 
fhat p acfually vanishes on fhe entire space-like adjacent quarter-plane 1R+ x ]R_. This assertion 
is seen to be equipotent with Theorem 11.8.21 after a scaling argument which permits us to 
assume that M 2n. Finally, to obtain the equality (i) from fhe inclusion (i') which resulfs 
from Theorem II. 8. 21 we may use e.g. Proposition 11.7.21 The remaining equivalence (ii)o(iii) 
is, by a symmefry argumenf, fhe same as fhe fhe equivalence (i)<^(iii). 

Remark 1.8.8. Lef us now explain how Theorem 11.5.11 is an immediafe consequence of fhe 
much deeper resulf of Corollarv ll.8.71 Firsf, an elementary argument (see lITtil , [|7|) shows that 
zclosr„(Aa,^) for UjSM^ > 4n^, so fhaf we jusf need to obtain the implication 

ajSM^ < 471^ => zclosrM(Aa,/3) = R^. 

In view of Theorem ll.8.2[ 

a/3M^ < 471^ =^> zclosrM(Aa,/j) = zclosrM(A;^“ U A“p D (R+ x R_) U (R_ x R+) D R x {0|, 

and Theorem II. 5. ll becomes a consequence of Proposition II .7. Il fogefher wifh fhe idempofenf 
property zclos^ = zclosr. 

We now turn to the underlying ideas connected with the d57namics of Gauss-fype maps and 
fhe Hilberf fransform. 


2. The Zariski closures of the axes or semi-axes 

2.1. The standard Hardy spaces H^(R). The Hardy space H“(R) consists of all functions 
/ e L°°(R) wifh Poisson exfension fo fhe upper half-plane 

C+ {z e C : Imz > 0) 


which is holomorphic. Here, fhe Poisson exfension of / is given by fhe expression 


/(z) := 


Imz 


/ 

Jr 


m 

|z - f|- 


df. 


z e C 4 


In a similar fashion, for 1 < p < -Too, we say fhaf / e H!^(R) if / ^ LP(R) and ifs Poisson 
exfension is holomorphic in C+. 


2.2. The Zariski closures of the axes and semi-axes. We now supply the proofs of Propositions 
[UTTl and irTll 

ProofofProposition \1.7.1\ By symmefry, if is enough fo show fhaf zclosr„(R x {0}) = R^. More 
concrefely, we need fo show fhaf if p e AC(rA,i) and 

p(6,0) = 0, 

fhen p = 0 as a measure. In view of (11.4.4k 

p(<^i,0)= r e‘"‘^''dTrip(f), 

Jrx 

where TCip is fhe compression of p fo fhe real line. The uniqueness fheorem for fhe Fourier 
fransform gives fhaf Tiip = 0, and hence fhaf p = 0, since p and ifs compression nip are in a 
one-fo-one correspondence. □ 
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Proof of Proposition \1.7 .2\ By symmetry, it is enough to show that 

zclosrM(]R+ X (0}) = ]R+ X ]R_ 

To this end, we consider a measure e AC(rM) with (use (ll.4.4t ) 

P(6,0)= r e“«i'd7Tifr(t) = 0, ^ie]R+. 

Jr 

This condition is equivalent to asking that d7Ti/.i(t) = /(f)dt, where / e H|(]R). If follows from 
sfandard argumenfs fhaf 

r ^(f)d7Tifi(f) = r /(f)y(f)df = 0 
Jr Jr 

for all g e H”(]R). We observe fhaf for > 0 and ^2 ^ 0, fhe function 

gi7l[ilt+M242/(47l2f)] 


is in H“(]R), and so 

A(^i,<^ 2 )= r = 0 , ( 5 i,<^ 2 ) eIR+x]R_. 

Jrx 

In conclusion, fhis argumenf proves fhe inclusion 

zclosrM(]R+ X {0}) 3 ]R+ X ]R_. 

To obfain fhe equalify of fhe two sides, we need fo show fhaf if (^i, ^ 2 ) e IR^ \ (1R+ x 1R-), fhen 
fhere exisfs ape AC(rM) wifh dTrip(f) = where / e H|(]R), such fhaf p(<^i, ^ 2 ) + 0. Buf 

fhen fhe bounded function 


g{t) = j 

is nof an elemenf of H“(]R), and by fhe sfandard Hardy space dualify fheory 

sup { £ f(t)gmt : / e ball(Hi(]R))} = inf j||g - /j||i.«(K) : h e H”(]R)} > 0. 
In particular, fhere musf exisf an / e H|(]R) wifh 

a( 6 ,^ 2 )= r 

Jr 

This complefes fhe proof. 


3. Basic properties of the dynamics of Gauss-type maps on intervals 

3.1. Notation for intervals. For a positive real y, let ly :=]-y,y[ denote the corresponding 
symmetric open interval, and let ly :=]0, y[ be the positive side of fhe inferval ly. Af fimes, we 
will need fhe half-open infervals ly '■=]-y,y] and ly := [0, y[, as well as fhe closed infervals 
ly ■■= [-y,y]andl+ [0,y]. 

3.2. Dual action notation. For a Lebesgue measurable subset E of fhe real line IR, we wrife 

(f>g>E := £f(i)gmt> 

whenever fg e E^{E). This will be of inferesf mainly when E is an open inferval, and in fhis 
case, we use fhe same nofafion fo describe fhe dual action of a disfribufion on a fesf function. 
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3.3. Gauss-type maps on intervals. For background material in Ergodic Theory, we refer to 
the book || 8 |. 

For X e ]R, let {x)i denote the fractional part ofx, that is, the unique number in the half-open 
interval = [0,1[ with x — {x|i e Z. Likewise, we let {x ]2 denote the even-fractional part ofx, by 
which we mean the unique number in the half-open interval f =]—1,1] with x — {x }2 £ 2Z. We 
will be interested in the Gauss-type maps Oy : > q and f given by 

and t^(x) 

Here, f, y are reals with 0 < j3,y < 1. Then di is the classical Gauss map of the unit interval If 

3.4. Transfer, subtransfer, and compressed Koopman operators. Fix two reals f,y with 0 < 
jS, y < 1. Let Ky : L°°(If —> L“(J^) and L^ : L°°(Ii) —> L°°(Ii) and denote the compressed Koopman 
operators (or sub-Koopman operators) 

(3.4.1) Ky/(x) ly{x)f o cTy(x), L^/(x) lifx)f o t^(x). 

Here, as always, 1e stands for the characteristic function of the set E, which equals 1 on E and 
vanishes elsewhere. The subtransfer operators Sy : E^(ty) —> L^(Iy) and T^ : E^(ti) E^(ti) are 
defined by 

-boo ^ ^ 

(3.4.2) 

Here, we use the notation Z^ Z \ {0). A standard argument shows that 

(3 4 3 . I(Syf, ght = if, K,g)ip / e Lflf, g e L“(t|), 

V V, gh = if, hghu f e LHh), g e E“(Ii); 

in other words, Sy is the preadjoint o/Ky, and T^ is the preadjoint o/L^. 

The cone of positive functions consists of all integrable functions / with / > 0 a.e. on the 
respective interval. Similarly, we say that / is positive if / > 0 a.e. on the given interval. 

Proposition 3.4.1. Fix 0 < |3, y < 1. The operators : 0{h) —> L^{h) and Sy : E^(ty) —> E^(ty) are 
both norm contractions, which preserve the respective cones of positive functions. For |3 = y = 1, Ti 
and Si act isometrically on the positive functions. The associated adjoints L^ : U°(h) —> L°°{h) and 
Ky : L°°(If —> T°°{If are norm contractions as well. 

This is well-known for y = jS = 1 and very easy to obtain for 0 < jS, y < 1. 

3.5. An elementary observation and an estimate of the T^-orbit of certain functions. We 

begin with the following elementary observation. 

Observation. The subtransfer operators T^, Sy, initially defined on functions, make sense 
for wider classes of functions. Indeed, if / > 0, then the formulae (13.4.2t make sense pointwise, 
with values in the extended nonnegative reals [0, -too]. More generally, if / is complex-valued, 
we may use the triangle inequality to dominate the convergence of T^f by that of T^|/|. This 
entails that T^/ is well-defined a.e. if T^|/| < -too holds a.e. The same goes for Sy of course. 

In view of the above observation, it is meaningful to try to control T^/ for / > 0. The 
following basic size estimate is useful. 

Proposition 3.5.1. Fix 0 < f < 1. If f : h 'R is even and its restriction to ly is increasing, and if 

/ > 0, then 

PC./(0) < V(4) - < PCfdf), . € 

where Q := f - f = 0.3949... tmd Q f - 1 = 0.6449.... 
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Proof. For convenience of notation, we write 


(3.5.1) 


Sj{x) := 


iS 


2j + x' 

which is an increasing function on h for j e = Z \ {Oj. We first consider the right half of the 
interval, i.e., x e =]0,1[. As / is even, we see that 

P 




2] + x) 




and since / is increasing on we obtain that for integers j > 1, 

= iiL) ^ f(Yi) ^ ^ 


while for integers j < —2 we have a similar estimate: 


m ^ /(li) ^ /GW)=< /(iP) < m. 




a\i\ 


2 |;| 


X e 


Since 


T/5/(x) - 


(2-x)2 


E Mx)]V(S;(x)), 


/eZ\10,-l| 


the claimed estimate follows from 

,2 


n 5 1 , , ,,, 71^ 5 

T-4-^. E ^T-4' 

j'l 


;€Z\|0-1| 


.2 

6 ” 4' 


The remaining case when x e f :=] -1,0[ is analogous. □ 

3.6. Symmetry preservation of the subtransfer operator T^. The fact that the action of T^ 
commutes with the reflection in the origin will be needed. The precise formulation reads as 

N/ N/ v2 

follows. Let I be the antipodal operator I/(x) := /(—x), which is its own inverse: 1=1. 


Proposition 3.6.1. Fix 0 < f < 1. Suppose f : h —> R is a function satisfying T^|/|(x) < +00 for a 
point X e h. Then 

T^/(x) = iT^I/(x). 


Proof. We keep the notation sy(x) = —f/{2j + x) from Proposition l3.5.ll and note that 


S-y(-x) = -Sy(x), 

which gives that 

iT^i/(x) = 1 2]^[s_^.(-x)]2/(-s_y(-x)) = 1 2]^[S,(X)]V(S;(X)) = T^/(x). 

The assumption T^|/|(x) < +00 guarantees the absolute convergence of the above series. □ 

3.7. Symmetry, monotonicity, convexity, and the operator T^. We may now derive the prop¬ 
erty that T^ preserves the class of functions that are odd and increasing. 

Proposition 3.7.1. Fix 0 < f < 1. ^ / : h —> IR is odd and (strictly) increasing, then so is 
T^/: Ji ^R. 

Proof. If / is odd and increasing, then |/| is even and its restriction to is increasing. From 
Proposition 13.5.11 we get that T^|/|(x) < -t-oo for every x e Jj, so that by Proposition 13.6.11 
Tfif(x) = —T^/(-x), which means that T^f is odd. Since 

VW = I EiWMVGW) = i 

















THE KLEIN-GORDON EQUATION, THE HILBERT TRANSEORM, AND DYNAMICS OE GAUSS-TYPE MAPS 


11 


where Sj{x) - — jS/(2/ + x) is known to be increasing on Ii for each J e it is enough to 
check that t^/(f) is increasing in t e h, which in its turn is an immediate consequence of the 
assumption that / is odd and increasing. The strict case is analogous. □ 

We can now derive the property that preserves the class of functions that are positive, 
even, and convex. 

Proposition 3.7.2. Fix 0 < |3 < 1. If f : h ^ R is even and convex, and iff > 0, then so is T^/. 

Proof. From Proposition 13 .5. Il we see that 0 < Tp/(x) < -too holds for each x £ f. We keep the 
notation sj(x) = —jS/(2/ + x) from Proposition 13.5.1] Since / is even, we know from Proposition 
I3.6.1l that T^/ is even as well. A direct calculation, based on s'(x) = f~^[sj{x)]^, shows that 

where both sides are understood not in the pointwise but in the sense of distribution theory. 
Convexity means that the derivative is increasing, so we need to check that the left-hand side 
is increasing as a function of x. Now, since the function x Sj{x) is increasing on f for each 
j e the above calculation gives that it is enough to check that the function f i-a 2t^f{t)+t^f'{t) 
is increasing on f. By assumption, /'(f) is odd and increasing, and hence f^/'(f) is odd and 
increasing too. Moreover, as /(f) is even and convex, / is increasing on f. Thus f ea f^/(f) 
is odd and increasing on f. The statement now follows from the fact that the sum of convex 
functions is convex as well. □ 


3.8. Preservation of continuous functions under T^. For y with 0 < y < H-oo, let C{Iy) denote 
the space of continuous functions on the compact symmetric interval/, = [-y,y]. The following 
observation is immediate and hence its proof suppressed. 

Proposition 3.8.1. Fix 0 < / < 1. Iff e C(I^), then T^f e C{h). 

Proposition 3.8.2. Fix 0 < / < 1. Iff e C(I^) is odd, then T^/(l) = //(/)■ 

Proof. By (13.4.2ll and the assumption that / is odd, cancellation of all terms except for the one 
corresponding to index j = —1 gives that 

The proof is complete. □ 


3.9. Subinvariance of certain key functions. It is well-known that the Gauss map cri(x) = 
{l/r)i has the absolutely continuous invariant measure 


(l + f)log2' 

normalized to be a probability measure. This suggests that we should analyze the behavior of 
the subtransfer operator Sy on the function 


Ai(j) 


1 

1 -I- x' 


X e If 


Proposition 3.9.1. Fix 0 < y < 1. With Ai(x) = 1/(1 + x) on f, we have that for n = 1,2,3,..., 

S;,Ai(x)<(^) Ai(x), xelf 


Proof. We first establish the assertion for M = 1. It is elementary to establish that for / = 1,2,3,..., 


y ^ _ 1 

(; + x){j -I- X -t- y) “ 1 + y (/ + x){j -E X -E 1)' 


X e If 
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and since 


+00 ^ +CO 


y 


;+x j^(i + ^)ii + ^ + yy 

the assertion of the proposition for n = 1 now follows from fhe felescoping sum identify 
+00 +00 


Ete 


1 


EIf 


1 


^ (/ + x)(; + x + 1) 4^ [j + X j + x + 1) 1 + x' 


1 


X G 


Finally, fhe asserfion for n > 1 follows by repealed application of fhe n - 1 case, using fhaf Sy 
is posifive, i.e., if preserves fhe posifive cone. □ 


Nexf, we consider fhe T^-iferafes of fhe function (for 0 < a < 1) 

(3.9.1) Ka(x) := ^-J, X e h. 

This function is nof in L^(h), although it is in L^'°°(Ji), the weak L^-space; however, by the 
observation made in Subsection 13.51 we may still calculate the expression pointwise 
wherever T^|Kal(x) < +oo. Note that Ki(x)dx is the invariant measure for fhe fransformafion 
Ti(x) = {-l/x} 2 , which in ferms of fhe fransfer operator Ti means fhaf TiKi = Ki. If is of 
fundamenfal imporfance in mosf of our considerations fhaf fhis invarianf measure has infinite 
mass, i.e., fhat Ki ^ L^ih)- The reason for fhis is fhat tj has indifferent fixed poinfs. The 
Gauss map ui, on fhe ofher hand, has only repelling fixed poinfs, and an invariant measure 
Ai(x)dx with finite mass. This is the main reason why the transfer operafors Sj and Tj behave 
differently. We should add that the control of fhe orbifs is much more difficulf and nof so well 
understood in fhe case of indifferenf fixed poinfs, in confrasf wifh fhe case of repelling fixed 
poinfs when fhe fheory is well developed. 

Lemma 3.9.2. Fix 0 < /S < 1. For the function Kp{x) = jS/(jS^ - x^), loe have that 

1 

TpKp{x) = Tp\Kp\{x) = Ki(x) = ^ 2 ' ^ ^ ^1' 

As for the function Ki(x) = (1 - x^)“^, we have the estimate 

B 

0 < T^Ki(x) < jgK i(x) = \-x^ ' hi¬ 


proof. In view of (13.4.21 , we have fhaf 

jS a 


(3.9.2) T^k<,(x) = 




{x + 2;)^ - [sj{x)]^ 


E 




(x + 2jy ^2 _ ^ 


E 


af 


(x+2j)^ 


a^(x + 2/)2 - 


where fhe series converges absolutely unless if happens fhaf a term is undefined (as fhe resulf 
of division by 0). Since sy(x) e Ip for x e Ji, we see fhat each term is positive for a = f, and 
hence 

TfK,(x) = T,\x,m = Y, = I E {vriri " 

/ezx ' J' ;€Zx J ■' 

by felescoping sums, as claimed. Nexf, since for 0 < f < 1 and j e 

/S . P 


0 < 


{x + ljf-f^ - {x + ljf-l’ 


X G li, 
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it follows that, by the same calculation, 

yezx '■ 

as claimed. The proof is complete. □ 

Remark 3.9.3. In particular, for /S = 1, we have equality: TiKi = Ki. 

We also obtain a uniform estimate of T”ki for 0 < /3 < 1 and n = 1,2,3,.... 

Proposition 3.9.4. Fix 0 < jS < 1. For n = 1,2,3,we have that 

2B’' 

V^Ki{x) < ^ X e Ji. 


Proof. We first establish the asserted estimate for n = 1. As the function ki(x) = (1 — ^ is 

positive, even, and convex. Proposition 13.5.1] tells us that 

(3.9.3) T^Ki(x) < ^ -E < A. 

Here, we used that ki is increasing on =]0,1[, and that 01 X 1 ( 5 ) = |(^ - 1) < 1. 

Next, by iteration of Lemma [3.9.21 using that is positive, we obtain that T^“^Ki < jS”“^Ki, 
so that a single application of the estimate (I3.9.3t gives that 

t;ki(x) = T^T”-1ki(x) < ^'‘-%Ki(x) < X e h, 

as claimed. □ 


3.10. The associated transfer operators. For 0 < j 8 < 1 and a function / e L^{h), extended to 
vanish on IR \ h, we let 7~denote the function defined by 


(3.10.1) 


7-^/(x) := 


y ^ - —I 

(x 4- 2 /)2\ X 4-2/7' 




(x 4- 2j) 


V) 


0 , 


X G l\, 

X e ]R \ h. 


whenever the sum converges absolutely. Analogously, for 0 < y < 1 and a function / e 
extended to vanish on IR \ 1^, we let Syf denote the function defined by 


(3.10.2) 


Syf(x) 



X e Ij, 

X e ]R \ t^. 


whenever the sum converges absolutely. If we compare the definition of 7~ pf with that of Tpf, 
and the definition of Syf with that of Syf, we note that the index / = 0 is included in the 
summation this time. The operators 7“^, *Sj, are transfer operators. 


Proposition 3.10.1. FixO <f<l. The operator "Tp is norm contractive L^{h) F^{h)- Indeed, we 

have that 


ITpf(x)ldx < |/(x)|dx, / e Li(Ji), 


with equality iff > 0. 
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Proof. As a matter of definition, the function 7” pf vanishes off f i. Nexf, by fhe friangle inequalify 
and the change-of-variables formula, we have fhaf 


xy,/w,d«g£|/(-^) 


fdx 


{x + 2]) 


i\2 


r _ r-^l(2j+Y) pi 

i/(f)idf+y i/(f)idf= i/(f)idf. 


for / e understood fo vanish off fj. For / > 0, fhere is no loss in fhe friangle inequalify, 

and we obfain equalify. □ 

Proposition 3.10.2. Fix 0 <y <1. The operator Sy is norm contractive L^(Iy) —> Indeed, we 

have that 

f lSyf(x)ldx< f |/(x)|dx, /eLi(f+), 

Jo Jo 

with equality iff > 0 . 

The proof is analogous fo fhaf of Proposifion 13 .10 .Tl and fherefore suppressed. 


3.11. Aspects from the dynamics of the Gauss-type maps. We recall the interval notation 
from Subsecfion l3.ll For 0 < f,y < 1, fhe fransformafions Tp{x) = {-f/x ]2 and Oy(x) = [yjxf 
are rafher degenerate on fhe sefs h \ Ip and \ Ip Indeed, fhe sef h \ Ip is invariant for Tp, as 
T^(fi \ Ip) - h\ Ip, and fhe poinfs in I\ \ Ip are 2-periodic, since 

Tp o Tp(x) = Tp{Tp{x)) = X, xeli\ Ip. 

In fhe same vein, fhe sef ly \ ly is invarianf for Oy, and and all poinfs are 2-periodic, since 

Oy O Oyix) = OyiOyix)) = X, X £ \ ly. 

Clearly, fhe sef h \ Ip acfs as an affracfor for fhe fransformafion zp, and similarly, fhe sef 1^ \ ly 
acfs as an affracfor for fhe fransformafion ay. We would like fo analyze fhe sefs of poinfs which 
remain oufside fhe affracfor in a given number of sfeps. To fhis end, we puf, for N = 2,3,4,..., 


(3.11.1) 


where z'^ := zpo ■ ■ ■ ozp and a” := a,, o ■ • • o Oy (n-fold composifion). We also agree fhaf £^,i Ip 
and fhat := Ip The sefs Sp^N and Ty.is! gef smaller as N increases, and we form their 
intersections 


&p,N'= [xelp: t”(x) elp for n = 1 ,...,N - l}, 
T'y,-N'.= jx e ly : Oy{x) e ly for n = 1,... ,N - 1 


(3.11.2) 


£/3,oo Tjpp^ , 7^,00 TfyN, 


N=1 


N=1 


which are known as wandering sets, and consisf of poinfs whose orbifs sfay away from fhe 
affracfor. 


Proposition 3.11.1. (0 < jS, y < 1) For N = 1,2,3,..., we have the estimates 


r f JlL 


dt ^ 


•N 


f2 “ l-jS’ 

As a consequence, the one-dimensional Lebesgue measures of the sets and T'y^oa both vanish. 

Proof. By inspection of fhe definifion of fhe Koopman operators (13.4.It , we see fhaf a.e. on fhe 
respecfive interval, 

kPi = h 


L^ = V' 
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where 1 stands for the corresponding constant function. In view of fhe duality (13.4.31 , it follows 
fhat 



where Ai(x) = (1 -E x) ^ and the estimate comes from Proposition 13.9.11 It remains to obtain 


the corresponding estimate for the set Let i/^ := li^Ki for some i], 0 < rj < 1, where 


Ki(x) = (1 - x^) Then Tp e L^(h), and we obfain from the duality (13.4.31 together with 


Proposition l3.9.4l that 



Letting r] 1, the remaining assertion follows by e.g. monotone convergence. 

As for fhe sefs £^,oo and T'y^ca, we jusf need fo observe thaf righf-hand sides converge fo 0 


geometrically, since 2y/(l +y) < 1. 


□ 


The 2-periodicity of fhe points in the attractor of Tp gefs reflected in the fact that the functions 
supported on the attractor are two-periodic for fhe fransfer operator 7~p. Naturally, the same 
is true in the context of Oy and Sy. We suppress the easy proof. 

Proposition 3.11.2. Fix 0 < /S,y < 1. The operator T^ maps L^{h \ f^) contractively into itself. 
Likewise, Sy maps L^(Ip \ 1^) contractively into itself. Moreover, T'^f = f for f e L^(fi \ If), and, 
analogously, Syf = f for f e L^(Ii \ f,). 

We shall need the following resulf, which describes the interlacing of fhe iterafes of with 
the multiplication by characteristic functions. 


Proposition 3.11.3. Fix 0 < f < 1. For N = 1,2,3,... and f e L^(fi), we have the identities a.e. on 
h: 


hT^-^f = = T^/. 


Proof. To simplify fhe presenfafion, we replace fhe L^(fi) function by a Dirac point mass f ~ 5^ 
at an arbitrary point £, ^ h. If we can show thaf fhe claimed equalifies holds for / = 6^, i.e.. 




for Lebesgue almosf every poinf 5 e h, then the claimed equalities hold for every / e L^(fi) by 
"averaging". Indeed, a general / e L^(fi) may be wriffen as 



(3.11.3) 


where the integral is to be understood in the sense distribution theory, so that, e.g.. 



'h 


We first focus on fhe claimed idenfity 




(3.11.4) 


Here, we should remark fhaf the multiplication of a poinf mass and a characteristic function 


need only make sense for almost every ^ e f. For N - 1, (I3.ll.4t holds trivially. In the 


following, we consider infegers N > 1. The canonical extension of fhe fransfer operator 7”^ to 
such point masses reads 


(3.11.5) 




Note that by iteration of (I3.11.5t , we have 


(3.11.6) 




for Leh. 
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As a matter of definition, we know that e 7^ for ^ e while for a.e. ^ e 7i \ £^,N/ 

fhere exisfs an n = 1,... ,N - 1 such fhaf e 7i \ 7^. As = h\ Ip is an affracfor for %p, we 
conclude fhaf for a.e. ^ eli\ Bppq, we have fhaf e 7i \ Tp. The asserfed idenfify (I3.ll.4t 

now follows from these observations. 

We turn to the remaining assertion, which claims that 

(3.11.7) r^pO^E,J) = T^/, N = 1,2,3. 

By inspection of fhe definifion (I3.4.2t of fhe subfransfer operator, fhe acfion of Tp liffs fo a poinf 
mass af (J e 7i for a.e. ^ in fhe following fashion: 


Tp5^ = 



if ^elp, 
if i^h\lp, 


so fhaf by iferafion, again for a.e. ^ e h, we obfain fhaf 


if ^^&p,N, 

|o if ^eh\&p,n. 


A comparison wifh fhe corresponding formula (I3.11.6t shows fhaf fhe idenfify (13.11.71 holds. 
The proof is now complete. □ 


The corresponding relafions for Sy and Sy read as follows. 

Proposition 3.11.4. Fix 0 <y <1. For N = 1,2,3, ... and f e L^(Iy), we have the following identities 
a.e. on If- 

S^(lr,y,f) = Sff. 


The proof is similar fo fhaf of Proposition 13 .11 .31 and fherefore suppressed. 

3.12. Exact endomorphisms. We need the concept of exactness. Here, we follow the abstract 
approach to this notion (see e.g. Il22ll l and say that ti (and the transfer operator Ti as well) is 
exact if, in fhe a.e. sense, 

+ CO 

L”L°°(7i) = {consfanfs}. 

fl=l 

For 0 < jS < 1, however, zp has a nontrivial attractor, and the notion needs to be modified. So, 
for 0 < f < 1, we say fhat xp (and fhe fransfer operafor T^ as well) is subexact if, in fhe a.e. sense, 

+00 

Ql^L“(Ji) = {0|. 

n=l 

Mufafis mufandis, if we replace fhe friple Tp, Lp, f by Sy, Ky, If we also obfain fhe definition 
of exacfness and subexacfness for Sy (and fhe fransformafion Uy as well). 

Proposition 3.12.1. Fix 0 < f,y < 1. The operators Tp : L^{h) T^{h) and Sy : L^(If —> L^(If 

are subexact in the sense that 

+ 00 +00 

f] L”L“(Ji) = 101 , (~] K”L“(7i^) = 101 . 

71=1 n=l 

Proof. By inspection of fhe compressed Koopman operafor L”, an elemenf of fhe infersecfion 

+ 00 

n=l 

is a funcfion in L°°(Ji) which vanishes off fhe wandering sef Sp^oo, buf by Proposition 13 .11 .TI 
this is a null set, so the function vanishes a.e. The analogous argument applies in the case of 

Ky. □ 
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Exactness in the case - y - lis known and can be derived from the work of Thaler Il32l , 
see also Aaronson's book 121 : 

Proposition 3.12.2. Fix p - y - 1. The operators Ti : 0{h) —> L^(h) and Si : L^(I^) —> ) are 

exact in the sense that 

+ 00 +00 

L”L“’(Ji) = {constants), = (constants). 

n=l n=l 

Proof. The map ti meets the conditions (l)-(4) of Thaler's paper f32l , p. 69, so by fhe Theorem 
1 l32l , p. 73, Ti is exacf (or, in more sfandard ferminology, ti is exacf). Lef us check fhe 
condifions one by one, mufafis mufandis, as he uses fhe inferval [0,1] and nof Ji = [—1,1] as 
we do. 

Condition (1). The fundamenfal infervals are given by B(/) ^ = ^ \ (0) 

excepf when j = ±1, when we adjoin an end poinf: B(—1) = [—and B(l) =]|,1]. The 
fransformafion ti is of C^-class on each fundamenfal inferval B{j), wifh j e and has 
complefe branches (if is "filling" in fhe ferminology of IZl). Moreover, each fundamenfal 
inferval B(/) confains exacfly one fixed poinf Xj, and z'fxj) > 1 excepf on two fundamenfal 
infervals, B(-l) and B(l), where fhe fixed poinfs are fhe boundary poinfs 1 and -1. On each 
fundamenfal inferval B(y) we replace Ti(x) = {-l/x )2 by fhe appropriafe branch tij(x) = 2 ;-l/x 
(fhis makes a difference only af fhe end poinfs). The derivative af fhe remaining fixed poinfs is 
fhen _j(-1) = Tj j(1) = 1. 

Condition (2). This condition is satisfied since T'ffx) = x~^ ^ (1 “ > 1 holds on fhe inferval 

Ii-e wifhin each fundamenfal inferval B(j). 

Condition (3). The derivative t'(x) = x~^ is decreasing on ]|,1[ and increasing on ]-l,-|[. 
The remaining requiremenfs are void. 

Condition (4). In each fundamenfal inferval B(j), fhe expression \x”{x)\lx'fxy- = 2\x\ is uni¬ 
formly bounded. 

We conclude from fhe definifion of exactness in Il32l that up to null sets, {0,li) are the only 
measurable subsets of h which for each n = 1,2,3,... may be wriffen in fhe form x^”(E„) for 
some measurable sef E„ c fi. This is equivalenf fo having 

-foo 

1^ L"L“’(fi) = (consfanfs). 

n=l 

We fumfo fhe Gauss map ai(x) = {l/x) 2 , whose exacfness is well-known. Buf we may derive 
if from Theorem 1 in 1)321 as well. However, fhe condition (2) is nof fulfilled, as aj(x) = -x~^ < —1 
in fhe inferior of fhe fundamenfal infervals. Buf fhe iferafe Ui o m is uniformly expanding wifh 
inf(ai o af)' > 1, and fhe condifions (l)-(4) may be verified for if. So fhe exactness of di o oi 
follows in fhe same fashion; fhis leads fo 

- 1-00 

Kj"L“’(Jj^) = (consfanfs), 

as required. □ 

Remark 3.12.3. Some aspecfs of fhe work of Thaler f32l have been furfher developed by Mel¬ 
bourne and Terhesiu 1241 . 

3.13. Asymptotical behavior of the orbits of T^ and S,,. We now apply fhe obfained exacfness 
fo show how fhe iferafes of and Sy behave. 

Proposition 3.13.1. Fix 0 < f,y < 1. 

(a) For f e T^(fj^), zve have that ||S”/||l 1 (i+) —> 0 asn ^ -i-oo. 

(b) For f e T^(fi), we have that \\T"f\\u(h) 0 asn -i-oo. 

Proof. This follows from Proposition l3.12.1l combined with Theorem 4.3 in Il22l . □ 
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Proposition 3.13.2. Fix p = y = 1. 

(a) For f e L^(I^) with {f,l)y = 0, we have that ||S"/||ii(j+) —> 0 asn —> +oo. 

(b) For f e L^{h) with (f, l)/j = 0, we have that ||T"/||li(/j) —> 0 as « —> +oo. 

Proof. This follows from Proposition l3.12.2l combined with Theorem 4.3 in Il22l . □ 

There is a weak analogue of Proposition l3.13.Tl' bl which applies for |3 = 1. The proof is based 
on fhe facf fhat fhe absolufely confinuous invariant measure has infinite mass. 

Proposition 3.13.3. Fix f = 1. For f e we have that for fixed rj, 0 < rj < 1, 

lim r |T”/(x)|dx = 0. 

n—*+oo I ^ 


Proof. Since pointwise IT"/! < T”|/|, we may assume without loss of generalify fhaf / > 0. We 
recall the notation Ki(x) = (1 - x^)~^, and pick a number ^ with 0 < ^ < 1. Let g be the function 


g{x) - 


(fAh 


llfx)Ki{x), 


x e h. 


Then g e L^(fi), and 


(f-gJh=o. 


By Proposition l3.13.3' bl, we conclude that ||T"(/ - y)||Li(ii) 
triangle inequality, we have that 


0 as u ^ + 00 . Moreover, by the 


l|Ti7lb(i,)<l|T''(/-g)lb(;p + ||T5'y|b(y. 
Since the function g is positive, and 

(/Ah 


we see that 
(3.13.1) 


g(x) 


WTlgWmiy = {Tlg,h,X 


(l4Ki,l)/j 

(f^)h 


Ki(x), 




ihi 


since T\K\ - Ki (see Lemma 15.9.2t . Moreover, since 


<ljjKi,l)ji -> +00 asS^l, 

we may get the norm ||T”y||Li(i„) as small as we like for fixed rj by letting i, be appropriately close 
to 1. This means that the right hand side of (I3.13.lt may be as close fo 0 as we want, the first 
term by letting n be big, and the second, by letting ^ be close to 1. The proof is complefe. □ 


4. Background material: the Hardy and BMO spaces on the line 

4.1. The Hardy H^-space; analytic and real. For a reference on the basic facts of Hardy spaces 
and BMO (bounded mean oscillation), we refer fo, e.g., fhe monographs of Duren and Gameff 
1911 , lT3l , as well as fhose of Stein l29l , l30l , and Stein and Weiss 1311 . 

Let fi^IR) and fii(]R) be the subspaces ofL^(R) consisting of those functions whose Poisson exten¬ 
sions to the upper half plane 

C+ := {z e C : Imz > 0} 

are holomorphic and conjugate-holomorphic, respectively. Here, we use the term conjugate-holo- 
morphic (or anti-holomorphic) to mean that the complex conjugate of fhe function in question 
is holomorphic. 

If is well-known fhaf any funcfion / e H|(]R) has vanishing infegral, 

(/,1)r= r /(f)df = 0, /eH^lR). 

Jr 


(4.1.1) 
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In other words, H\{C) c Lj(]R), where 

(4.1.2) Lj(]R) - {/e Li(]R) : (/,1 )r = o}. 


In fact, there is a related Fourier analysis characterization of fhe Hardy space H|(]R) and Hl(]R): 
for feL\R), 


(4.1.3) 

/eHi(R) ^ 

Vy>0: 

Jr 

and 



(4.1.4) 

/eHl(R) 

Vy<0: 

r 

Jr 


We will refer fo fhe space 

HliW) := Hl{U) ® Hl{U) 

as fhe real H^-space of the line M. Here, fhe symbol 0 means fhe direcf sum, i.e, fhe elemenfs of 
/ e Hg(]R) are funcfions / e hJ(]R) which may be wriffen in fhe form 


(4.1.5) f = fi+ / 2 , where /i e Hi(]R), /z e H1(]R), 


plus fhe facf fhaf H|(]R) n Hi(]R) = {0), which is a Fourier-analyfic consequence of (14.1.31 and 
(14.1.41 . Obviously, we have fhe inclusion H^(R) c Lj(]R); if is perhaps slighfly less obvious 
fhaf Hg(]R) is dense in Lj(]R) in fhe norm of L^(]R). If is clear fhaf fhe decomposifion (14.1.51 
is unique. As for nofafion, we let P+ and P_ denote the projections F+f := f\ and P_/ := /2 in 
the decomposition (14.1.51 . These Szego projections P+, P- can of course be exfended beyond fhis 
Hg(]R) seffing; more abouf fhis in fhe following subsecfion. 


4.2. The BMO space and the modified Hilbert transform. With respect to the dual action 

(/.g)K= r mgmt, 

Jr 

we may identify fhe dual space of Hg(]R) wifh BMO(]R)/C. Here, BMO(]R) is fhe space of 
funcfions of bounded mean oscillation; fhis is fhe celebrafed Fefferman duality theorem ITO] , lUll . 
As for nofafion, we wrife "-/C" fo express fhaf we mod ouf wifh respecf fo fhe consfanf 
funcfions. One of fhe main resulfs in fhe fheory is fhe fheorem of Fefferman and Sfein IfTTl 
which fells us fhaf 


(4.2.1) BMO(]R) = L“(]R) + HL”(]R). 

or, in words, a funcfion g is in BMO(]R) if and only if if may be wriffen in fhe form ^ = gi + figi, 
where gi,g 2 £ T“’(]R). Here, H denofes fhe modified Hilbert transform, defined for / e L°°(]R) by 
fhe formula 


(4.2.2) 


H/(x) 


- f . 


f(t) 


X-t 1 + f2 


dt = lim j 
Jr 


R\[x-e,x+e] 


m 


x-t 


t 

IT? 



The decomposifion (14.2.11 is clearly nof unique. The non-uniqueness of fhe decomposifion is 
equal fo fhe infersecfion space 


(4.2.3) 


H”(]R) L“(R) n HL“(]R), 


fhe real H°°-space. 

We should compare fhe modified Hilberf fransform H wifh fhe sfandard Hilbert transform H, 
which acfs boundedly on LP(R) for 1 < p < +oo, and maps T^(R) info L^'“’(R) for p = 1. Here, 
pi,°°(R) denofes fhe weak L^-space, see Subsecfion l7.1l below. The Hilberf fransform of a funcfion 
/, assumed infegrable on fhe line R wifh respecf fo fhe measure (1 + f^)“^'^^df, is defined as fhe 
principal value infegral 


H/W:= 


lim — 

e^0+ 7T 


f 


R\[:s:-e,x+e'] 


f(i) 


dt 

x-t' 


(4.2.4) 
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If / e LP(]R), where 1 < p < +oo, then both H/ and H/ are well-defined a.e., and if is easy fo 
see fhaf fhe difference H/ - H/ equals to a constant. If is offen useful fo fhink of fhe nafural 
harmonic exfensions of fhe Hilberf fransforms H/ and H/ fo fhe upper half-plane C+ given by 


(4.2.5) 


H/(z) - 



Rez - f 
|z - fp 


fmt, 


H/(z) := 


i r [ Rez-f 

^ Jr I |z - 


t 



So, as a matter of normalizafion, we have fhaf H/(i) = 0. This fells us fhe value of fhe consfanf 
menfioned above: H/-H/ = -H/(i). 

Refurning fo fhe real -space, we nofe fhe following characferizafion of fhe space in ferms 

of fhe Hilberf fransform: for / e L^(]R), 

feHlm ^ fellm and H/e LJ(]R); 

see Proposition [7XT]lafer on. 

The Szegoprojecfions P+ and P_ which were menfioned in Subsecfion l4.1l are more generally 
defined in ferms of fhe Hilberf fransform: 

(4.2.6) P^/ := i(/ + iH/), P_/ := i(/ - iH/). 

In a similar manner, for / e L°°(]R), based on fhe modified Hilberf fransform H we may 
define fhe corresponding modified Szego projecfions (which are acfually projections modulo 
fhe consfanf funcfions) 

(4.2.7) P^/ := !(/ + iH/), P_/ := !(/ - iH/), 

so fhaf, by definition, / = P+/ -t- P-/. If we are given fwo funcfions / e and g e L“’(]R), 

fhe dual action (•, •)!{ nafurally splifs info holomorphic and conjugafe-holomorphic parfs: 

(4.2.8) < /, g)R = <P+/, P_g)R + (P_/, P+g)R. 

Modulo fhe consfanfs, fhe space BMO(]R) nafurally splifs info holomorphic and conjugafe- 
holomorphic componenfs: 

(4.2.9) BMO(]R)/C = [BMOA'"(]R)/C] © [BMOA“(]R)/C]. 

The spaces appearing on fhe righf-hand side, BMOA'''(]R) and BMOA“(]R), denofe fhe subspaces 
of BMO(]R) consisting of funcfions wifh Poisson exfensions fo fhe upper half-plane C+ fhaf are 
holomorphic and conjugafe-holomorphic, respectively 

The operator H makes sense also on funcfions from BMO(]R). If is fhen nafural fo ask whaf 
is H/ 


Lemma 4.2.1. For f e LP(]R), 1 < p < -too, we have that tf / = -/. Moreover, for f e L°°(]R), we 
have that H^/ = -/ + c(/), where c{f) is the constant 


c(f) - 


-f 

Jr 


m 

f2 + l 


df. 


Proof. The asserfion for 1 < p < +oo is complefely sfandard (see any fexfbook in Harmonic 
Analysis). We fum fo fhe asserfion for p = +oo. Firsf, we observe fhaf wifhouf loss of generalify 
we may assume / is real-valued. Then fhe function 2P+/ is fhe holomorphic function in fhe 
upper half-plane whose real parf is fhe Poisson exfension of /, and fhe choice of fhe imaginary 
parf is fixed by fhe requiremenf 2 Im P+/(i) = H/(i) = 0. The function 

-2iP+/ = H/-i/ 

exfends fo a holomorphic function in fhe upper half-plane C+, wifh real parf H/. So we may 
idenfify -/ wifh H^/ up fo an addifive consfanf. The additive consfanf is defermined by fhe 
requiremenf fhaf H^/(i) = 0, and so H^/(i) = -/ + /(i) - -f + c{f). Here, /(i) is undersfood in 
ferms of Poisson exfension. □ 
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4.3. BMO and the Fourier transform. The Fourier transform of a function / e T^(]R) is given 
by 

(4.3.1) f{x):= f e‘"^'/(f)df, 

Jr 

and it is well understood how to extend the Fourier transform to the setting of tempered 
distributions (see, e.g., IITHl l. It is well-known how to characterize in terms of the Fourier 
transform the spaces BMOA'''(R) and BMOA“(R) as subspaces of BMO(R). We state these 
known facts as a lemma (without supplying a proof). We recall the notation R+ = [0, -i-oo[ and 
R_ =] - oo,0]. 

Lemma 4.3.1. Suppose f e BMO(R). Then f e BMOA'^(R) if and only if f is supported on the 
interval R_. Likewise, f e BMOA“(R) if and only iff is supported on the interval R+. 

4.4. The BMO space of 2-periodic functions. We shall need the space 

BMO(R/2Z) := {/ e BMO(R) : f{t + 2)= f{t)\, 

that is, the BMO space of 2-periodic functions. Via the complex exponential mapping 1 1 -^ e'"^ 
(R E-> T), we identify the unit circle T with R/2Z: R/2Z = T, and the space BMO(R/2Z) is 
then just the standard BMO space on T. Let us write 

BMOA'"(R/2Z) BMOA+(R) n BMO(R/2Z) 

and 

BMOA“(R/2Z) BMOA“(R) n BMO(R/2Z), 

for the subspaces of BMO(R/2Z) that consist of functions whose Poisson extensions to the 
upper half-plane C+ are holomorphic and conjugate-holomorphic, respectively. 

As L^-integrable functions on the "circle" R/2Z, the elements of the space BMO(R/2Z) 
have (a.e. convergent) Fourier series expansions. This means that the Fourier transform / of a 
function / e BMO(R/2Z), defined by (14.3.It and interpreted in the sense of distribution theory, 
is a sum of Dirac point masses along the integers Z. We formalize this observation as a lemma. 

Lemma 4.4.1. Suppose f e BMO(R). Then f e BMO(R/2Z) if and only if the distribution f is 
supported on the integers Z, and at each point ofZ, it is a Dirac point mass. 

This result is well-known. 

5. The Zariski closures of two portions of the lattice-cross 

5.1. An involution and the modified Hilbert transform on BMO. For a positive real param¬ 
eter j8, let be the involutive operator defined by 

(5.1.1) Jlf{x):=f{-p/x), xeM.^. 

We recall the definition (14.2.2t of the modified Hilbert transform H. 

Lemma 5.1.1. For f e BMO(R) and a positive real f, we have that 

(J*H/)(x) = (HJ*/)(x) + c^(/), 

where Cp{f) is the constant 

r, r tf(t)dt 

Proof. Without loss of generality, we may assume that / is real-valued. The mapping x i-> -/S/x 
extends to a conformal automorphism of the upper half-plane given by z i—> — jS/z, and the 
function 2P+/ is a holomorphic function in the upper half plane with real part equal to the 
Poisson extension of /. We realize that the functions T^P+f and Y^P+f differ by an imaginary 
constant. Taking imaginary parts, the result follows by plugging at the point z = i. □ 
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5.2. The Zariski closure of the portions of the lattice-cross on the space-like cone boundary. 

Recall that stands the characteristic function of the set E, which equals 1 on E and 0 off of 
E. The Fourier transform of the fimction in the sense of Schwartzian distributions may be 
known, but we have no specific reference. 


Proposition 5.2.1. In the sense of distribution theory on the real line ]R we have that, 


lim I ( 


i/f+itx-6\t\ 


dt 


— = do{x) - 1 r^(x)x 
2n 


. 1 / 2 ^, 


where 6o is the unit Dirac point mass at 0, and Ji denotes the standard Bessel function, so that 

(-ly 


V-- 1/2 


= ETiT? 


,is «/ + !)! 


Proof. A direct calculation can be obtained on the basis of formula 3.324 in IfTil . A less cumber¬ 
some approach is to compute the Fourier transform of the function H\{x) := 1r^(x)x i^^/i(2x^^2): 

p ^ + oo ^+c>o 

Hi(y)= I e‘"^J'Hi(x)dx = I e'”’^yx-'^/^h{2x^^^)dx = 2 I e^"y‘'/i(2f)dh 

Jr Jo Jo 

where the integral is absolutely convergent for Im y > 0 and has a well-defined interpretation 
on the real line R, e.g., in terms of nontangential limits. From the standard Bessel function 
asymptotics, we know that 

|Hi(x)| = 0 (x”^^^) as X —> -1-00, 

so that, in particular. Hi e L^(R). By basic Hardy space theory, the nontangential limit 
interpretation from the upper half-plane agrees with the standard Fourier transform on 
the line R. By application of formula 6.631 in HU, we have that, for Im y > 0, 

J O+OO , . , 

h(2t)dt = 

0 '^\ny / 

where the function on the right-hand side is of Whittaker type. In view of the integral represen¬ 
tation of such Whittaker functions (formula 9.221 in HU) we find that 

Hi(y) = 1 - lmy>0, 

and, in a second step, that the above identification of the Fourier transform holds in the L^- 
sense a.e. on R. Since the Fourier transform of the Dirac delta 6o is the constant function 1, the 
assertion of the proposition now follows from the Fourier inversion formula. □ 


ProofofTheorem lT.8.11 We obviously have the inclusions 

K} ^ zclosr„(A;;p, A” c zclosr„(A-p, 

and it remains to show that the Zariski closure contains no extraneous points. We will focus 
our attention to the set Aj^^; the treatment of the set A~~ is analogous. In view of (II.4.411 (which 
relates to the compressed measure nip) we need to do the following. Given a point 
£,* - (f*, ^ 2 ) s \ 2^^^/ we need to find a finite complex-valued absolutely continuous Borel 
measure v on R^, such that 


Jrx 


while at the same time 


r e‘™’«fdv(f)= f e™>/(^"')dv(f) = 0 , 
Jrx Jrx 


m, n e Z. 


■+,o- 
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By a scaling argument, we may without loss of generality restrict our attention to the normal¬ 
ized case a := 1 and M := 2n. As v is absolutely continuous, we may write dv(f) := g(t)dt, 
where g e L^(]R). Given the above normalization, we need g to satisfy 

(5.2.1) r 7^0, 

where 

(^*, e ]R2 \ [(Z +,0 X {0}) U ({0} X j3Z+)], 

while af fhe same fime 

(5.2.2) r e‘"'"'^(f)df = r e‘"'^"/'y(f)df = 0, m,neZ+,o. 

Jrx Jrx 

We will fry fo find such a funcfion g in fhe slighfly smaller space (IR). To analyze fhe condifion 
(15.2.2t , we mighf as well sfudy fhe weak-sfar closures in fhe dual space BMO(]R)/C of fhe linear 
spans of (i) fhe funcfions t i—> wifh m e Z+o, and of (ii) fhe funcfions f i—> wifh 

n e Z+, 0 . In fhe firsf case, we obfain fhe subspace BMOA'^(]R/2Z)/C (see Subsecfion 14.41 
for fhe nofafion). In fhe second case, we obfain insfead fhe subspace BMOA)^^(]R)/C, where 
BMOA)^^(]R) = J^BMOA“(]R/2Z) and fhe operator is as in (15.1.It . Now, for g e Hg(]R), (15.2.2t 
expresses fhaf g armihilates fhe sum space BMOA''‘(]R/2Z) -t- BMOA)^^(R). 

To simplify the notation, we let Fq e L“’(]R) be the function Fo(f) x]-ien, in view 

of (I4.2.8t , we have fhat 

(S''^o)r = (P+S"/P-f’o)R + (P-g/P+fo)R- 
If follows fhaf if we can obfain fhaf 


(5.2.3) P+Fo ^ BMOA''(]R/2Z) or P_Fo ^ BMOA)"^)(]R), 

then we are done, because we are free fo choose g e Ffg(]R) as we like. Indeed, if P+Fq ^ 
BMOA'''(]R/2Z), fhen we jusf pick age Hl(]R) which does nof armihilafe BMOA'''(]R/2Z), and 
if P-Fq ^ BMOA)'^^(]R), fhen we jusf pick age H+(]R) which does nof armihilafe BMOA)'^^(]R). 
In each case, we achieve (15. 2. It . Using J*, we see by Lemma [5.1.It fhat (I5.2.3t is equivalent to 
having 

(5.2.4) P+Fo ^ BMOA'"(]R/2Z) or P_J*Fo ^ BMOA“(]R/2Z). 

Moreover, the function Fi J’Fq is of fhe same general fype as Fq: Fi(t) = where 

rj* := /|3 and q* := jSc^*. We can bring fhis one stop furfher, and consider Fzit) := 

(fhis is jusf fhe complex conjugafe of Fi(f)), and express fhe requiremenf (I5.2.4t in fhe form 

(5.2.5) P+Fo ^ BMOA'"(]R/2Z) or P+F 2 ^ BMOA'"(]R/2Z). 

By combining Lemmas 14.3.11 and 14 .4.1 1 wifh Proposition jhZT] in fhe appropriafe marmer, using 
fhaf fhe Bessel funcfion /i is real-analyfic (so fhaf ifs zero sef is a discrefe sef of poinfs), we find 
fhaf 

P+Fo e BMOA''(]R/2Z) C = (<^i*, <^2) ^ x 1^+) ^ (^+ x {0)). 

The analogous case wifh F 2 in place of Fq reads 

P+F 2 e BMOA''(]R/2Z) ^ 2 ) ^ x ]R_) U ({0} x jSZ+). 

As we puf fhese assertion fogefher, if becomes clear fhaf 

P+Fo, P+F 2 e BMOA^(]R/2Z) ^ ^*) e (Z+,o x |0|) U ({0} x |3Z+). 

The sef of in fhe righf-hand side expression is precisely fhe excluded sef of poinfs on 
fhe lattice-cross, and we conclude fhaf (15.2.5t musf hold. This complefes fhe proof of fhe 
theorem. □ 
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6. Dynamic unique continuation from one branch of the hyperbola to the other 

6.1. Dynamic unique continuation and the critical density case. We recall the definition of 
the h 5 rperbola Fm and its branch F^ from the introduction, see (11.4.21 and (11.6.11 . Here, we 
will supply the proof of Theorem 1 1.6. II As Theorem 1 1.6. II is somewhat defective at the critical 
regime = 167 i^, we may ask whether adding an additional point to the lattice-cross 
might improve the situation. Indeed, this turns out to be the case, provided that the point we 
add is on the cross (but not on the lattice-cross itself, of course): 

Theorem 6.1.1. Fix 0 < a,^,M < +oo. Suppose af^JVp- = 16n^, and pick a point <5* e (R x {0}) X 

({0} X R) on the cross, which is not in A^,^. If we write A*^ Aa,^ U {<^*}, then A*^) is a 

Heisenberg uniqueness pair. 

Theorem 16.1.11 has a reformulation in terms of unique continuation from F)J^ to Fm, which 
we think of as an example of dynamic unique continuation. 

Corollary 6.1.2. Fix 0 < a,f,M < +oo. Suppose aflVP = 167 t^, and pick a point e (R x {0)) x 

({0} X R) on the cross, which is not in A^,^. If we ivrite A*^ := A^,^ U [E,*], then any measure 

p e AC(Fai, A*^) is uniquely determined by its restriction to the hyperbola branch F)(^. 

We first supply the proof of Theorem 11.6.11 and then proceed with the proof of Theorem 

HXH 


Proof of Theorem ?!. 6. 1\ We pick an arbitrary measure p e AC(Fm, A^,^) and form its xi-compres- 
sion V Ttip which is a finite absolutely continuous complex measure on the positive half-axis 
R+. By a scaling argument, we may assume that that 

a = 2, M = 271. 


Since v is absolutely continuous, we may write dv(f) = f{t)dt, where / e L^(R+). We observe 
that the vanishing condition p = 0 on A^,^ with a = 2 and M - 2n amounts to having 


(6.1.1) f e‘2™Y(t)dt= r = 0, OT,neZ, 

vz K+ fcz K+ 

where y := fjl. It was shown in [Tl that for 2 < jS < -Eoo, there is an infinite-dimensional space 
of solutions /. So, in the sequel, we will restrict the parameter f to 0 < f < 2, and hence y to 
0 < y < 1. To complete the proof of the theorem, we need to show that 

(i) for 0 < y < 1, the condition (16.1.11 entails that / = 0 holds a.e. on R+, whereas 

(ii) for y = 1, (16.1.11 implies that / = Cq/o holds a.e. on R+ for some constant Co, where /o is 
the function 


( 6 . 1 . 2 ) 


/o(f) - 


1[0,1](0 
1 + f 


l[l,+o°[(t) 

f(l + 1) ■ 


As a first step, we rewrite (16.1.11 in the form 

(6.1.3) r e‘2™’7(f)dt= r e‘2™7(^]^ = 0, m,«eZ. 

Jr+ Jr+ \t /1 

Next, for a function g e L^(R+) and an integer m e Z we have that that 


(6.1.4) 



e‘2""’7(t)df 





+ 00 


E 


g{t + j)dt. 
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Together with the uniqueness theorem for Fourier series, (16.1.41 now shows that 


(6.1.5) 




= 0 Vm G Z 


^ ^(t + /) = 0 a.e. on 1R+. 

j=0 


As we apply (16.1.51 to the two cases g{t) = f{t) and g{t) = t ^f{y/t), the conditions of (16.1.31 
find an equivalenf formulafion: 


i-oo i-co 

(6.1.6) Yj ^ " E ° ™ 

We single ouf fhe firsf ferm in each sum, and rewrife (16.1.61 furfher: 

+ CO +00 

(6.1.7) /(« = -i;/(iD). = 

- /=1 ■" 


y=i 


in bofh cases a.e. on R+. Affer fhe change-of-variables t i-a y/t in fhe second condifion, (16.1.71 
becomes 


( 6 . 1 . 8 ) 




j=l ,= 

again a.e. on R+. By combining fhe condifions of equalify in (16.1.81 , we find fhaf 

>'2 / y(f -E ;■) 


(6.1.9) 


L y 

t)V^\y + l{t + j)> 


r( yh + ;) \ 

■^ly + /(f-E/)j' 


a.e. on R+. 


Now, if is easy fo check fhaf affer resfricfion fo fhe inferval 1^ =]0,1[, condifion (16.1.91 amounfs 
fo having 


( 6 . 1 . 10 ) 


f=Syf a.e. on f+. 


where is fhe subfransfer operafor as given by (13.4.21 . If 0 < y < 1, Proposifion l3.13.Tl' al fells 
us fhaf S^!'f -A 0 in L^(I^) as n -a -poo, so fhe only way fhe equalify (16.1.101 is possible is if / = 0 
a.e. on . Buf fhen fhe second equalify in (16.1.81 gives fhaf / = 0 a.e. on R \ Zj, and hence f - 0 
a.e. on R+, as desired. This seffles (i). 

V^e turn to the remaining case y = 1. If is well-known fhaf fhe funcfion Ai(f) = (!-(- 1)~^ is 


invarianf densify on for fhe Gauss map 0i(f) = {l/f}i (cf. Subsecfion l3.91 . In ferms of fhe 


fransfer operafor Si, fhis means fhaf SiAi = Ai, so fhaf S^Ai = Ai as well. Nexf, we consider 


fhe funcfion 

which by consfrucfion has (h, l)j+ = 0 and h = S^h. By iferafion, fhe laffer properfy enfails fhaf 
h has h = Sj"Zz for n = 1,2,3,..., so fhaf in view of Proposifion 13 .13 .^ al ,we have fhaf 

h = Sf‘h -^0 as n -A -poo, 

where fhe convergence is in fhe norm of which implies fhaf h - 0 a.e. on 1^. If is now 

immediafe fhaf 

f = CqAi a.e. on IT, where Co := —-- e C. 

log 2 
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Next, the second identity in (16.1.81 with y = 1 tells us what /o equals on the remaining set 

K+ \ 1^ 


+ CO ^ ^ +CO ^ ^ 

/(O - “*-0^ (1 + + ft)~ (1 + /f)2 1 + _u. 


-CoL 


(1 + lO(l + 0 +1)0 


Qy _1 

t Z^li + /t i + (/ 


j=i 


0' + i)f 


Co 

t(l + 1 )' 


The conclusion that / = Cq/o a.e. on ]R+ is now immediate, where /o is given by (16.1.21 and 
Co e C is a constant. Finally, it is an exercise to verify that the function fo indeed satisfies (16.1.61 , 
so fhaf fo (and ifs complex consfanf multiples) meefs fhe vanishing condifion for fhe Fourier 
fransform, as expressed in (16.1.11 . This settles (ii), and fhe fhe proof is complefe. □ 


Proof of Theorem [6.1.1\ As before, rescaling allows us fo fix fhe paramefer values: 

a = f = 2, M = 2n, 

which corresponds toy = |S/2 = 1 in fhe preceding proof. We need fo show fhaf if p e 
AC(Fm, A*^), fhen p = 0 as a measure. Since A*^ D A^,/?, and we are in fhe crifical paramefer 
regime in ferms of Theorem ll.6.1[ we have fhaf necessarily d7Tip(f) = Co/o(f), where fo is given 
by (16.1.21 , and Co is a complex consfanf. We recall fhaf A*^ = A*^ U {f*], for some poinf 
= {£,*,£,*) wifh eifher = 0 or .^2 - 0/ which is nof fhe lattice-cross Aa,p. By symmefry 
bofh cases are equivalenf, and we choose fo consider f* - 0, so fhaf = (<^*,0), where 
E,* e ]R\aZ = ]R\2Z. The Fourier fransform of p resfricfed fo fhe axis Rx {0} equals (cf. (11.4.41 1 


(6.1.11) p(6,0)= r e™«''dTrip(f) = Co f e'"«''/o(f)df 
Jrx Jrx 

r r 

J(0,11 1 ^ Jfl 


= Co 


df 


[l,+oo[ f(l + 0 


= Cc 


Col r r 

1 J[0,1] 1 + ^ «t[l,+oo[ W 1-Ef/ 

^ro,+cor 1 + r 


/[l,+co[ 


yJ=Co(e 


1 ) 


X 


[l,+oo[ 


t 


Here, in fhe righfmosf expression, fhe integral should be understood as a generalized Riemann 
integral. Since our addifional vanishing condifion is fi{f*,0) = 0, above calculafion (16.1.111 
fells us fhaf fhis is fhe same as 


Co(e-< -1) r 
dn 




= 0. 


[l,-Foo[ 


Moreover, since £,* is real buf nof an even infeger, we know fhaf e‘"^i 1, and fhe above 

equation simplifies fo 

(6.1.12) Co f e^<'— = 0. 

«J[l,+oo[ ^ 

Splitting the above generalized Riemann integral into real and imaginary parts, we see that 


/-»+00 1 , /-*+00 1 , /~*+ 

f, '“‘'t'X 


> j » 

sin(7i.^*f)y. 


The real and imaginary parfs may be expressed in ferms fhe rafher sfandard functions "si" and 


^ + 00 1 , 

cos«f)- = 

Jl f Jnl 


COS y 


nKi*i y 


dy = -ci(7i|.^*|). 
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and 


r 


’ j i 

sin(7i,^*f)y = Sgn(<^*) 


f 

kJtiI 


siny 

i4i*i y 


dy = -sgn(5*)si(7T|5*|), 


so that 

X +OO 1 , 

= -ci(7T|^*|) -isgn(.S*)si(7i|.S*|). 

Here, we write sgn(x) = x/|x| for the standard sign function. We now observe that is rather 
well-known that the parametrization 

ci(7ix) -E isi(7ix), 0 < X < -poo. 


forms fhe Nielsen (or sici) spiral which converges fo fhe origin as x ^ -Too, and whose curvafure 
is proporfional fo x (see, e.g. ID). In parficular, fhe spiral never infersecfs fhe origin, which 
fells us fhaf 


X 


^0, 


[l,+oo[ 


and, fherefore, (I6.1.12t gives us fhaf Co = 0 and consequenfly fhaf p = 0 as a measure. The 
proof is complefe. □ 


7. The Hilbert transform on and the predual of real H” on the line 

7.1. The Hilbert transform on L^. For background maferial on fhe Hilberf fransform and 
relafed topics, see, e.g. fhe monographs 0, IfTSl , Il29l , Il30l , and 1311 . 

Lef L^'“°(]R) denofe fhe iveak O-space, i.e., fhe space of Lebesgue measurable funcfions / : 
]R —> C such fhaf fhe sef 

E/(A) {xeR: |/(x)| > A), A e 1R+, 

enjoys fhe esfimafe (fhe absolute value of a measurable subsef of IR sfands for ifs Lebesgue 
measure) 

|E/(A)| < ^, A e R+; 

fhe opfimal consfanf Cf is wriffen ||/|Ili-“(r); h is the L^'°°{M.)-quasinorm of /. By idenfifying 
funcfions fhaf coincide almosf ever 5 rwhere, fhe space L^'“(R) is a quasi-Banach space. If is well- 
known fhaf fhe Hilberf fransform as given by 112311 maps H : L^(R) ^ L^'°°(R). Note, however, 
fhaf funcfions in L^'“’(R) are rafher wild and, e.g., if is nof immediately clear how fo associate 
such a funcfion wifh a disfribufion. However, fhere is anofher inferprefafion of fhe Hilberf 
fransform as a mapping from L^(R) info a space of disfribufions on R, and if is good fo know 
fhaf fhese inferprefafions of H/ for a given / e L^(R) are in a one-fo-one correspondence. The 
weak L^-space associated wifh an inferval I (or a sef of posifive Lebesgue measure), wriffen 
L^'°°(f), is defined analogously. 

If for fhe momenf we use fhe symbol F fo denofe fhe Fourier fransform, fhen fhe Hilberf 
fransform is H = —iF“^MsgnF, where Mggn sfands for mulfiplicafion by fhe sign funcfion sgn. 
Thus, after faking fhe Fourier fransform, fhe disfribufional inferprefafion of fhe Hilberf is fhaf 
of mulfiplicafion by fhe unimodular funcfion which fakes fhe value —i on fhe posifive half¬ 
line, and fhe value i on fhe negafive half-line. The disfribufional inferprefafion can also be 
implemented more direcfly: 

(7.1.1) (9,H/)r:=-(H(P,/)r, 

where ip is a fesf funcfion wifh compacf supporf, and / e L^(R). Note fhaf Hip, fhe Fhlberf 
fransform of fhe fesf funcfion, may be defined wifhouf fhe need of fhe principal value integral: 

TT . S If 

if is a C°° funcfion on R wifh decay H(p(x) = 0(|x|“^) as |x| —> -Too. As a consequence, if is clear 
from (17.1.11 how fo extend fhe nofion H/ fo funcfions / wifh (lx| -t- l)“^/(x) in L^(R). 
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Our next proposition characterizes the space For the proof, we need the notation for 

fhe open unit disk: 


D:={zeC: |z| < 1). 


Proposition 7.1.1. Suppose f e L^(]R). Then the following are equivalent: 

(i) /eHi(]R). 

(ii) H/ e L^(]R), where H/ is understood as a distribution on the line IR. 

(iii) H/ e L^(]R), where Hf is understood as an almost everywhere defined function in L^'“°(]R). 

Proof The implications (i)<=>(ii)=>(iii) are trivial, so we turn to the remaining implication 
(iii)=>(i). This result, however, is the real line analogue of fhe resulf for fhe circle in Il20ll , 
p. 87. The fransfer fo fhe unif disk is handled by an appropriafe Moebius map from D fo 
C+. □ 


A firsf applicafion of Proposifion l7.1.l1 gives us fhe following resulf. 

Corollary 7.1.2. Suppose f e L^(]R), and that Hf = 0 pointwise almost everywhere on IR. Then f = 0 
almost everywhere. 

Proof. Wifhouf loss of generalify, / is real-valued. In view of Proposifion 17.1.11 / e and 

as a consequence, fhe funcfion F := f + iHf is in H|(]R). Buf on fhe real line, F is real-valued, 
so fhaf fhe Poisson exfension of F to C+ is real-valued as well. But this Poisson extension is 
holomorphic in C+, so F must be constant, and the constant is seen to be 0. □ 

Remark 7.1.3. We note that there are the closely related theories of reflecfionless measures (see, 
e.g., 123) and of real oufer funcfions 1121 . 

7.2. The real space. The real H°° space is denofed by H“(]R), and if consisfs of all funcfions 
/ e L“(]R) of fhe form 

(7.2.1) / = /i + /2, /i e H“(]R), /2 e H!°(R). 

Here, Hf(R) consisfs of all funcfions in L°°(]R) whose Poisson exfension fo fhe upper half-plane 
is holomorphic, while H“(]R) consisfs of all funcfions in L°°(]R) whose Poisson exfension fo fhe 
upper half-plane is conjugafe-holomorphic (alfernafively, fhe Poisson exfension to the lower 
half-plane is holomorphic). The decomposifion (17.2.11 is unique up fo addifive consfanfs. 
Equipped wifh fhe natural norm, H“(R) is a Banach space. 

The content of nexf proposifion is well-known. For fhe convenience of fhe reader, we supply 
fhe simple proof. 

Proposition 7.2.1. We have the equivalence 

/eHOT ^ /,H/eL”(R). 


Proof. If/e H“(R), then/=/ 1 -E/ 2 , where/i eH/(R)and /2 e H“(R). SinceH/= i(/ 2 -/i) + c, 
where c is the constant that makes H/(i) = 0, we see that Hf e L°°(R). 

On the other hand, if ffHf e L°°(R), then / + iHf e H/(R) and / - iHf e fi“(R), so that 

2f = {f + iHf) + {f-iHf)eH-{U). 

The proof is complefe. □ 

7.3. The predual of real H°°. We shall be concerned wifh fhe following space of disfribufions 
on fhe line R: 

fi(R) := L/R) + HLj(R), 
which we supply wifh fhe appropriafe norm 

(7.3.1) ||u||c(M) := inf j||/|/qK) + IlglliyR) : u=f + Hg, fe L/R), y e LJ(R)}, 

which makes fi(R) a Banach space. 
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We recall that Lj(]R) is the codimension-one subspace of L^(]R) which consists of fhe funcfions 
whose infegral over R vanishes. Given / e h^(R) and g e Lj(R), fhe acfion of u '■= f + Hg on a 
fesf funcfion (p is (compare wifh (17.1.IH 

(7.3.2) {(p, f + Hg>R = {cp, /)]R - (H(p, g)R = {(p, /)r - (H^, g)R; 

we observe fhaf fhe lasf idenfify uses fhaf (l,g)R = 0 and fhe facf fhaf fhe funcfions Hep and 
fl(p differ by a consfanf. 

Observation. In view of Proposifion 17.2.11 the right hand side of (17.3.21 makes sense for 
ep e H“(R). To be more precise, in accordance wifh (17.3.21 , every ep e H“(R) defines a 
confinuous linear funcfional on S(R). 

If remains fo idenfify fhe dual space of £(R) wifh H“(R). 

Proposition 7.3.1. Each continuous linear functional S-CR) C corresponds to a function (p e H“(R) 

in accordance with (17.3.21 . In short, the dual space o/fi(R) equals H“(R). 

Proof A standard approximation argument involving test functions can be used to establish 
that L^(R) is a dense subspace of fi(R). As fhe inclusion map L^(R) —> S(R) is confinuous, 
if follows fhat every confinuous linear funcfional fi(R) —> C resfriefs fo a confinuous linear 
funcfional L^(R), which by sfandard funcfional analysis corresponds fo an elemenf (p e L“(R). 
By densify and confinuify, (p defermines fhe linear funcfional complefely. As cp e L°°(R), we see 
fhaf iicp e BMO(R). By (17.3.21 , Hip musf give a confinuous linear funcfional Tj(R) —> C. If is 
easy fo see fhat this is only possible if Hip e L°°(R), which complefes fhe proof, by Proposifion 
[ 72 ^ □ 

The space fi(R) is a Banach space, and Proposifion 17.3.II asserts that its dual space is H”(R) 
(fhe real H°° space). For fhis reason, we will refer fo fi(R) as fhe (canonical) predual of real H°°. 

Remark 7.3.2. Since an L^-funefion / gives rise fo an absolufely confinuous measure /(f)dt, if 
is nafural fo fhink of fi(R) as embedded info fhe space Sr{(R) M(R) + HMo(R), where M(R) 
denofes fhe space of complex-valued finife Borel measures on R, and Mo(R) is fhe subspace 
of measures p e M(R) wifh p(R) = 0. The Hilbert transforms of singular measures noficeably 
differ from those of absolufely confinuous measures (see 1261 ). 

7.4. The "valeur au point" function associated with an element of the predual of real H°°. 
We recall fhaf fi(R) consisfs of disfribufions on fhe real line. However, fhe definition 

fi(R) = LfU) + HLj(R) 

would allow us fo also fhink of fhis space as a subspace of L^'°°(R), fhe weak L^-space. If 
is a nafural question fo wonder abouf fhe relafionship befween fhe disfribufion and fhe 
funcfion. We will stick fo fhe disfribufion fheory definifion of fi(R), and associafe wifh a given 
u e fi(R) fhe "valeur au poinf" funcfion vp[M] at almost all points of fhe line. The precise 
definition of vp[M] is as follows. 

Definition 7.4.1. For a fixed x e R, lef y = Xx is a compacfly supporfed C^-smoofh funcfion 
on R with y(f) = 1 for all t in an open neighborhood of fhe point x. Also, let 

Px+i.(f) n + 

be the Poisson kernel. The valeur au point function associated with the distribution w on R is the 
function vp[M] = vp[uy] given by 

(7.4.1) vp[M](x) lim(xP^+ie,w)iR, x e R, 

wherever the limit exists. 

In principle, vp[M](x) might depend on the choice of fhe cuf-off funcfion y. The following 
lemma guaranfees fhaf fhis is nof fhe case in fhe relevanf sifuafion. 
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Lemma 7.4.2. For u = f + e where f e L^(]R) and g e Lj(R), the valeur au point function 
vp[M](x) does not depend on the choice of the cut-off x- Moreover, we have that 

vp[M](x) = /(x) + Hg(x), a.e. x e ]R, 

where on the right hand side, the function Hg(x) is defined pointwise as a principal value. 

Proof For / e L^(R), it is a standard exercise involving Poisson integrals to show that vp[/](x) = 
/(x) holds for almost all x e R (for defails, see, e.g., IITSl , Chapfer 1), and fhat fhe choice of x 
does nof maffer for fhe value of vp[/](x) for a given point x e R. 

We turn to the evaluation of vp[Hg](x). By translafion invariance, we may as well consider 
only X = 0. Asa maffer of definition, we have fhaf 


(7.4.2) vp[Hg](0) = limixPie, Hg)R = - liin <H[yPie], g) 






= Im {(H[yPie],g)R - (H[Pie],y)iR}, 


where X ~ X y is a smoofh cuf-off funcfion wifh x{t) ~ 1 near f = 0. Here, as above, Pu 
is fhe funcfion 

Pie(f) = 71“^ ^ 


and ifs Hilberf fransform is given by 


A calculation reveals fhat 


n 


H[Pi,](f) = 7T-1 

.1 t _ r+“i 

+ Jo 


e2 + f2' 

t 


e2 + f2' 

''ir\[-t,t] 2e^T 


nt (e2 + x2)2 


dx. 


which can used to show that 


- liin (H[Pie](f),g)R = - liin f ^dt = Hg(0), 

where the rightmost equality sign is a matter of fhe poinfwise definition of fhe Hilberf trans¬ 
form. The desired conclusion now follows from (17.4.2ll , once we have esfablished fhat for fixed 
X, we have 

l|H[yP,,]||L~(R) = 0(e) 

as e —> O'*'. This is rafher elemenfary and leff fo fhe inferesfed reader; here, we only observe 
fhaf fhe funcfion x is smoofh and bounded, which equals 1 near infinify and vanishes near fhe 
origin, so fhaf fPie becomes a very small and quife smoofh funcfion. □ 

Additional properties of fhe mapping vp are ouflined below. 

Proposition 7.4.3. (Kolmogorov) The mapping vp : £(R) —> L^'°°(R), u vp[M], is continuous. 

Proof. This follows from fhe sfandard weak-f 5 rpe esfimafe for fhe Hilbert transform (see, e.g., 

03 ). □ 


The nexf resulf allows us fo idenfify u wifh vp[M]. 

Proposition 7.4.4. (Kolmogorov) Ifue fi(R) and vp[M] = 0 almost everywhere on R, then u = Oas 
a distribution. 


Proof. We write u = f+Hg, where f e T^(R) andg e Lj(R). Since g e hJ(R) and, by assumption, 
vp[g] = -/ e L^(R), it follows from Proposition 17. 1. Il fhaf g e Hg(R) and consequenfly fhaf 
Hg e T^(R) as a disfribufion. Since fhe Hilberf fransform H leaves fhe space Hg(R) invariant, 
we also obtain that / e Hg(R), and then it is immediate from fhe assumpfion fhaf w = 0 as a 
disfribufion. □ 


The local version of Proposition [TAAl runs as follows. 
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Proposition 7.4.5. Ifue fi(]R) and vp[M] = 0 almost everywhere on an open interval I c ]R, then the 
distribution u is supported on R \ 7. 

Proof. We split u = f + Hg, where / e h^(R) and g e Lj(R). Without loss of generality, we may 
assume that / and g are real-valued. Again, without loss of generalify fhe open inferval I is 
assumed fo be bounded. By fhe classical fheorem of Kolmogorov 0, the function G g -f iHg 
is in the ffP-space in the upper half plane (with respect to Poissonian measure 7 t“^(1 + t^)~^dt 
on the real line), for each p with 0 < p < 1. In Kolomogorov's theorem, Hg initially has the 
pointwise interpretation, but in a second step, it is valid with the distributional interpretation as 
well. By assumption, vp[Hg] = -/ holds on the bounded open interval 1, so that the boundary 
function for G is in on 1. Essentially, this means that G is in near I in the upper half-plane. 
This can be made precise in the following manner. We choose a slightly smaller interval / c t, 
whose both endpoints differ from those of I. Next, we choose a bounded simply connected 
Jordan domain Q in the upper half-plane C+ whose boundary curve (9Q is C“-smooth, with 
the property that dQ n R = /. Then it is not difficult to see that G, restricted to Q, belongs to 
the -space on Q, which is most conveniently defined in terms of a fixed conformal mapping 
from the unit disk ID onto Q. The remaining part of the proof is an exercise in Schwarzian 
reflection across the interval /. □ 

7.5. Dual action on intervals. If I c R is an open interval, and /, g : t —> C are two Borel 
measurable functions with fg e L^(t), then we may define the dual action on I: 

(f^gh ■= Jfmt)dt; 

this is a special case of dual action on a more general measurable set (see Subsection l3.2b . For 
instance, if / is a test function with compact support in J, and g is locally integrable on I, then 
the dual action is well-defined. More generally, we will write (•,•)/ to denote the dual action of 
distributions on test functions on the given interval I. Naturally, this agrees with the notation 
we have introduced so far for the case J = R. 

7.6. The restriction of S(R) to an interval. If m is a distribution on an open interval /, then the 
restriction ofu to an open subinterval I, denoted u\i, is the distribution defined by 

((p,u\j)i := {(p,u)j, 

where ^ is a G^-smooth test function whose support is compact and contained in 1. 

Definition 7.6.1. Let I be an open interval of the real line. Then u e £(/) means by definition 
that M is a distribution on I such that there exists a distribution v e fi(R) such that u = v\i. 

Remark 7.6.2. The following observation is pretty trivial, but quite useful. If we are given two 
open intervals I and / of the line R, with t c /, then the restriction operation v i-a v\j makes 
sense £(/) —> fi(t). 

Proposition I7.4.5] has a localized version on a given interval J. 

Corollary 7.6.3. Suppose t, / c R are open intervals with I c J. Ifue fi(/) and vp[u] = 0 almost 
everywhere on I, then the support of the distribution u has empty intersection with I. 

Proof. The assertion of the corollary is immediate from Proposition 17.4.51 □ 

The following result will prove quite useful. 

Proposition 7.6.4. Let I be a nonempty bounded open interval of the line R. Then L^(I) is a norm 
dense subspace ofQ{I). 

Proof. As a matter of definition, we have that 

fi(I) = fi(R)/3(R;t), 
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where 

3(]R;i) := |m e fi(]R) : I n supp u = 0|. 

By elementary Functional Analysis, we know that the dual space is given by the annihilator 
2(ir = 3(]R;I)^ = 1/ e H“(]R) : Vu e 3(]R;I) : (/,m)r = 0}. 

Observation. We have that 3(1R;J)''‘ c {/ e H”(]R) : f = 0 a.e. on IR \ J}. 

Proof of the observation: Indeed, if / £ H“(]R) and the restriction to IR \ Hs nonzero on a 
set of positive Lebesgue measure, we readily construct a function u e L^(]R) which vanishes on 
I such that (f, m)k ^ 0. Since u e 3(1R; f)/ this proves the asserted containment. 

We proceed with the proof of the proposition. If / £ H“(]R) vanishes a.e. on IR \ Z, and as a 
functional on 2(1), f annihilates L^(I), then we may conclude that f - 0 a.e. on I as well. But 
now f - 0 a.e. on the line IR, so / = 0 as an element of fZ“(]R). By the Hahn-Banach theorem, 
we derive that L^(I) is norm dense in 2(1). □ 

Remark 7.6.5. A more refined argument shows that in the context of the observation, we actually 
have equality: 3(lR;f)"’' - {/ ^ H^(^) '■ f = 0 a.e. on ]R \ I). 

We may also translate Proposition l7.4.3l to this local context. 

Corollary 7.6.6. Let I be a nonempty open interval of the line IR. Then the "valeur au point" mapping 
is continuous vp : 2(1) L^'°°(I). 

8. Background material: the Hardy and BMO spaces on the circle 

8.1. The Hardy space on the circle: analytic and real. Let L^(]R/2Z) denote the space of 
2-periodic Borel measurable functions / : IR —> C subject to the integrability condition 

ll/llLqE/2Z) r l/(f)|df < +00, 
dll 

where Zi =]—1,1[ as before. As usual, we identify functions that agree except on a null set. Via 
the exponential mapping t e'"*, which is 2-periodic and maps the real line R onto the unit 
circle T, we may identify the space L^(R/2Z) with the standard Lebesgue space L^(T) of the 
unit circle. This will allow us to develop the elements of Hardy space theory in the setting of 
2-periodic functions. We shall need the subspace Lj(R/2Z) consisting of all / £ L^(R/2Z) with 

</4)ii= r /(f)df = 0; 

Jh 

it has codimension 1 in L^(R/2Z). The Hardy space ZZ|(R/2Z) is defined as the subspace of 
L^(R/2Z) consisting of functions g £ L^(R/2Z) with 

(8.1.1) J e^™^g(t)dt = 0, n = 0,1,2,.... 

The space ZZ|(R/2Z) is the periodic analogue of the Hardy space ZZ|(R), and it can be under¬ 
stood in terms of the Hardy ZZ^-space of the disk. If ZZ|(T) denotes the standard Hardy space on 
the unit disk (restricted to the boundary unit circle), then g e ZZ|(R/2Z) means that g(x) = /(e'”*) 
for some f £ ZZ|(T) zvith f(0) = 0. In particular, the functions in ZZ|(R/2Z) have holomorphic 
extensions to the upper half-plane which are 2-periodic. As a matter of definition, ZZi(R/2Z) 
consists of the functions g in L^(R/2Z) whose complex conjugate g is in ZZ+(R/2Z). Finally, we put 

H^(R/2Z) := Hi(R/2Z) ©Hi(R/2Z), 

where we think of the elements of the sum space as 2-periodic functions (as before the symbol © 
means direct sum, since ZZ|(R/2Z) n ZZl(R/2Z) = {Oj). We note that, for instance, ZZg(R/2Z) c 
LJ(R/2Z). We will think of ZZg(R/2Z) as the real space of 2-periodic functions. 




THE KLEIN-GORDON EQUATION, THE HILBERT TRANSEORM, AND DYNAMICS OE GAUSS-TYPE MAPS 


33 


8.2. The Hilbert transform on 2-periodic functions and distributions. For/eLi(]R/2Z),we 
let H 2 be the convolution operator 

( 8 . 2 . 1 ) ” •- — ' ^ - 


H 2 /(x) i pv /(f) cot 


where again pv stands for principal value, which means we take the limit as e —> O'*' of the 
integral where the set 

(x) -E 2Z + [-e,e] 

is removed from the interval h =] “ 1/ ![■ It is obvious from the periodicity of the cotangent 
function that H 2 /, if it exists as a limit, is 2-periodic. By a standard trigonometric identity. 


1 

cot „ 
2 2 


= li,n 1 r 

2 N^+00 71 ^ V + 2n 

n=-N ^ 


where the convergence is uniform on compact subsets of the line. By a change of variables, 

(8.2.2) H2/(x) = \ hm r 


TCt 

f{x - f) cot df. 


t/i\L ^ 

(here, as usual, 4 -]~£, c[) from which we conclude, by uniform convergence and periodicity, 
that 


(8 


1 ^ f C 

.2.3) H 2 f(x) = — lim lim P ( f(x — t)- 

71 N—>+ooe—>0^ ‘ ^ Ji \ j f 

„=-N'^hVe 


df 


+ 2n 


= - lim f 

71 Jj 


f(x — f)-1— lim 

Mr f 71 N^+co 

AYf n:\n\<N,n *0 


i: I 


f{x-t) 


dt 

t + 2n 


— lim f f(x-t)— + — lim V" f f(x-t) — 


= lim lim 

N— >+CXD €■ 


im - f 

-0" ^ J/,, 


^2N+1 \4 




In other words, the operator H 2 is just the natural extension of the Hilbert transform to the 
2-periodic functions. We observe that H 2 I = 0, which contrasts with the non-periodic case 
(where no nontrivial function is mapped to the zero function). It is well-known that the periodic 
Hilbert transform H 2 maps L^(]R/2Z) into the weak L^-space L^'“’(R/2Z). However, we prefer 
to work within the framework of distribution theory, so we proceed as follows. 

Let C°°(R/2Z) denote the space of 0“-smooth 2-periodic functions on R. It is easy to see 
that 

(peC”(R/2Z) H2^ e C“(R/2Z). 

To emphasize the importance of the circle T = R/2Z, we write 

(8-2.4) (/, g)R/2z := f(t)g{t)dt, 


for the dual action when / and g are 2-periodic. 


Definition 8.2.1. For a test function <p e C°°(R/2Z) and a distribution u on the circle we 

put 

{(p, H2M)r/2Z := -{ii2<P, m)r/2Z- 


This defines the Hilbert transform H 2 M for any distribution u on the circle 
The analogue of Proposition 17.1.11 for the circle reads as follows. Note that the formula 
definition of the "valeur au point" function makes sense also for u in the space of distributions 
L^(R/2Z) + H2L^(R/2Z). Moreover, the independence of the cut-off function is quite analogous 
to the real line case (Lemma l7.4.21 and left to the interested reader. 
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Proposition 8.2.2. Suppose f e Lj(]R/2Z). Then the following are equivalent: 

(i) /eH;(]R/2Z). 

(ii) H 2 / e L^(]R/2Z), where H 2 / is understood as a distribution on the line R. 

(iii) vp[H 2 /] eLi(R/2Z). 

Proof. This is immediate from 1201 , p. 87. □ 

8.3. The real H“-space of the circle. The real H°°-space on the circle R/2Z is denoted by 
H“(R/2Z), and consists of all fhe funcfions in H“(R) fhaf are 2-periodic. The analogue of 
Proposifion l7.2.i] reads: 

Proposition 8.3.1. We have the equivalence 

/eH“(R/2Z) ^ /,H2/eL“(R/2Z). 


This result is well-known. 

8.4. A predual of 2-periodic real H”. We put 

S(R/2Z) LfK/2Z.) + H2LJ(R/2Z), 

understood as a space of 2-periodic disfribufions on fhe line R. More precisely, if m = / + H 2 g, 
where / e L^(R/2Z) and g e Lj(R/2Z), fhen fhe acfion on a fesf function cp e C“(R/2Z) is 
given by 

(8.4.1) (<p, m)r/2z := {(p, /)r/2z - (H2(p, g)R/2z- 

Buf a 2-periodic disfribufion should be possible fo fhink of as a disfribufion on fhe line, which 
means fhaf need fo undersfand fhe acfion on sfandard fesf funcfions in C“(R). If i/^ e C“(R), 
we simply puf 

(8.4.2) (i/), m)r/2z := (112!/', m)r/2Z/ 
where 112 1 /^ e C“(R/2Z) is given by 

(8.4.3) n2i/'(x) := E f(x + 2j). 

We will refer fo 112 as fhe periodization operator. 

As in fhe case of fhe line, we may identify S(R/2Z) wifh fhe predual of fhe real H” space. 

Proposition 8.4.1. Each continuous linear functional fi(R/2Z) —> C corresponds to a function 
cp e H”(R/2Z) in accordance with (18.4.11 . In short, the dual space of S(R/2Z) is isomorphic to 
H“(R/2Z). 

We suppress the proof, which is analogous fo fhaf of Proposition 17.3.1] 

The definition of fhe "valeur au poinf function" vp[M] makes sense for u e fi(R/2Z) and as 
in fhe case of fhe line, if does nof depend on fhe choice of fhe particular cuf-off funcfion. We 
have fhe analogue of Proposifion l7.4.3l as fhe resulf is sfandard, we suppress fhe proof. 

Proposition 8.4.2. (Kolmogorov) The "valeur au point" mapping vp : S(R/2Z) —» L^'‘”(R/2Z), 
u 1-4 vp[M], is continuous. 

9. A SUM OF TWO PREDUALS AND ITS LOCALIZATION TO INTERVALS 

9.1. The sum space fl(R) © £(R/2Z). Suppose u is distribution on the line R of fhe form 
(9.1.1) u = v + w, where u e fi(R), n; e S(R/2Z). 

The nafural quesfion appears as fo whefher fhe disfribufions v, w on fhe righf hand side are 
unique. This is indeed so. 

Proposition 9.1.1. We have that £(R) n £(R/2Z) = {0). 
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This last statement is pretty obvious in terms of the Fourier transform, which sends 2- 
periodic disfribufions fo sums of poinf masses along fhe infegers, while fhe space S(]R) is 
mapped fo a space of bounded confinuous functions. 

In view of Proposif ion l9 .1.1 1 if makes sense fo wrife £(]R) ©fi(]R/2Z) for fhe space of fempered 
disfribufions u of fhe form (19.1.11 . We endow fi(]R) © £(]R/2Z) wifh fhe induced Banach space 
norm 

I|m||ii(R)@I!(R/ 2Z) := ll^’lli'(R) + ll^ll£(R/2Z)/ 
provided u, v, w are relafed via (19.1.11 . 

9.2. The localization of fl(]R)©fi(]R/2Z) to a bounded open interval. In the sense of Subsection 
17.61 we may resfricf a given disfribufion u e fi(]R) © fi(]R/2Z) fo a given open inferval 1. If is 
nafural fo wonder whaf fhe space of such resfricfions looks like. 

Proposition 9.2.1. The restriction of the space fi(]R) © S(]R/2Z) to a bounded open interval I equals 
the space 2(1). 

Proof. By definition, the restriction of S(]R) fo I equals 2(1). If remains fo show fhaf fhe resfricf ion 
fo / of a disfribufion in fi(]R/2Z) is in 2(1) as well. Since 

fi(]R/2Z) = LfU/lZ) + H2LJ(]R/2Z), 

and fhe resfricfion fo fhe bounded inferval I of L^(R/2Z) is contained in L^(f), the only thing we 
need to check is that the restriction of H2LJ(R/2Z) fo I is confained in 2(1). It will be enough to 
show that for each / e Lj(R/2Z), fhere exisf g e L^(R), h e Lj(R), and a disfribufion W e D'(R) 
with support contained in R \ /, such that 

H 2 / = g + Hh + W. 

We need two bounded open intervals /i ,/2 such that I <£ Ji <£ J 2 . We first let h equal / on /i, 
and put it equal to 0 on R \ } 2 . In the difference sef }2 \ /i, we lef h be consfanf, where fhe value 
of fhe consfanf is fhen defermined by fhe requiremenf fhaf h e Lj(R). As fhe cofangenf kernel 
j cof Y used fo define H 2 and fhe Hilberf fransform kernel have fhe same singularify, if is 
easy fo see fhaf H 2 / - Hh is smoofh on /i, and we may declare g fo equal H 2 / - H/i on J, and 
puf if equal fo 0 on fhe resf R \ I. The disfribufion W is uniquely defermined by fhese choices, 
and has fhe required properfies. □ 

10. An INVOLUTION, ITS ADJOINT, AND THE PERIODIZATION OPERATOR 

10.1. An involutive operator. For each positive real number j8, let denote the involution 
given by 

J^/(x):=^/(-jS/x), xeR^ 

With respect to the dual action (•, •)r, this operator can be understood as the preadjoint of 
fhe involufion J* defined in (15.1.It . 

As usual, we use fhe sfandard nofafion R^ := R \ (0). We now record some basic properfies 
of fhis involufion. For insfance, by fhe change-of-variables formula, : L^(R) —> T^(R) is an 
isometry. 

Proposition 10.1.1. Fix 0 < f < + 00 . The operator]^ is an isometric isomorphism L^(R) —> L^(R). 
In addition, maps H|(R) H].(R) and Hl(R) —> Hl(R) and consequently ]p : Hg(R) —> Hg(R) 

as well. 

Proof. The mapping z 1 -^ -f/z preserves the upper half-plane C+, and so fhaf funcfions holo- 
morphic in C+ are sent to functions holomorphic in C+ under composition by z 1 -^ —jS/z. The 
isometric part is already settled, so it remains to check that the space H^(R) is preserved under 
]p, since the case of Hi(R) is idenfical. This follows easily by checking fhe properfy on a dense 
subspace (e.g. consisfing of rafional funcfions). □ 
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If / e L^(]R) and cp e L“(]R), the change-of-variables formula yields 

(10.1.1) {cp,hf}K= f (p(f)/(-iS/f)^= r (p(-^/t)f(t)dt=(ncpJ}u, 

Jr r Jr 

where is the involution 

j;<p(t) := (p(-f}/t), t e 

We need to extend to an operator £(]R) —> fi(]R). To this end, we need to understand how to 
define J^H/ as a distribution in £(]R) when / e Tj(]R). First, following (110.1. It , we put 

(10.1.2) - -<HJ;(p,/)k, 

for/e LJ(]R) and for test functions (p e C“(R’^),since such test functions vanish near the origin. 
Note here that if (p e C“(]R^), then necessarily y^cp e C“(]R^) as well, so the right-hand side of 
(I10.1.2t is well-defined. 

Proposition 10.1.2. For a test function cp e C“(]R^), we have the identity 
HJ*(p(x) = J^H(p(x) - ((p, f EA i)R, X e R^. 


Proof. By a change of variables in the corresponding integral, we have that 
JJHPM = -1 pv ^ HJJPW = 1 pv 

SO the asserted equality is a simple consequence of the algebraic identity 

X |3 1 

~jS + fx “ t(jS -h fx) ~ 7 ‘ 

The proof is complete. □ 

As / e LJ(R), its action on constants vanishes, so by a combination of dlO.l.lIl , (I10.1.2t , and 
Proposition 110.1.^ we obtain 

(10.1.3) (<pJ,jH/)k = -(HJ;<p,/)r = -<J‘H<p,/)r = -(H<p,J^/)r = (<p,HJ^/)r, 

for cp e C“(R^). As f e Tj(R), we also have that J^/ e Tj(R), so that HJ^/ e HLg(R) c fi(R). 
This means that as distributions on the punctured line R^ = R \ {0|, J/ 3 H/ and HJ^/ coincide. 
In particular, their "valeur au point" functions, which are well-defined almost ever 5 rwhere, 
coincide on R^. However, the distribution HJpf makes sense on test functions cp e C“(R), 
and actually, more generally for cp e H“(R). This allows us to extend the action of J^H/ from 
C“(R'') to H“(R) (compare with ^732^ . 

Definition 10.1.3. For u e £(R) of the form u = f + Hy e £(R), where / e T^(R) and g e Lj(R), 
we define the J^u to be the distribution on R given by the formula 

{(p,]pu)R = (<P,J^(/ + Hg))]R := (<P,J^/)r + (tp, HJ^g)]R = {cp,]^f)R - (H(p,J^g)]R, 
for test functions cp e H“(R). 

As already noted, this is in complete agreement with the way we would previously under¬ 
stand ]pu as a distribution on R’^, using smooth test functions having compact support on the 
punctured line R^; see dlO.l.H and dl0.1.2t . 

Proposition 10.1.4. Fix 0 < f < -Eoo. The involution ]p acts continuously fi(R) —> £(R), and the 
involution J* acts continuously H“(R) —» H“(R). Moreover, on their respective spaces, and 
both equal the identity operator. 
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Proof. Let u e £(R) be of the form u = f + where / e L^(]R) and g e Lj(R). Then, by 
definition, ]^u = J^/ -f HJ^g e fi(R), and it is clear that the mapping acts continuously. 
Moreover, by iteration 


since J^F = F holds for all F e L^(R). 
duality. 


]gU = + HJ-g = / + Hg = M 

The assertions concerning the adjoint follow by 


□ 


10.2. The periodization operator. We recall the definition of the periodization operator II 2 : 

n 2 /(x) + 

In (I8.4.3t , we defined the 112 on test functions. It is however clear that it remains well-defined 
with much less smoothness required of /. The terminology comes from the property that 
whenever it is well-defined, the function 112 / is 2-periodic automatically. A first result is the 
following. 

Proposition 10.2.1. The operator TI 2 acts contractively L^(R) —> L^(R/2Z). Moreover, 112 maps 
Hj.(R) onto H|(R/2Z) and Hl(R) onto Hl(R/2Z). 


Proof. By the triangle inequality and Fubini's theorem, 112 is a contraction L^(R) —> L^(R/2Z): 

f |n2/(x)|dx<y f lf(x + 2J)ldx^y f |/(x)|dx= f |/(x)|dx, 

J-1 ^ J-1 ^ J2;-l Jr 

It remains to check the mapping properties, which are immediate from the characterizations 
(I4.1.3t , (I4.1.4II for the line and (18.1.It for the circle, combined with the calculation 


( 10 . 2 . 1 ) 


f e™^n 2 /(f)dt = y r e‘™'/(f + 2 /)df = f ( 
J-1 ^ J-1 Jr 


'^f(t)dt. 


n e Z. 


The proof is complete. 


The identity (110.2. It is a special case of a more general identity, for / e L^(R) and F e 
L°°(R/2Z) (compare with (I8.4.2t ): 


( 10 . 2 . 2 ) (F,n 2 /)R/ 2 z 


= £^F(t)n2f(t)dt = J^£^ 


F(t)f(t + 2j)dt 


Jr 


F(f)/(t)dt = (F,/)K, 


n e Z. 


We need to extend 112 in a natural fashion to the space fi(R). If y> e C°°(R/2Z) is a test function 
on the circle, we glance at (I10.2.2t , and for u e fi(R) with u = f + Hg, where / e L^(R) and 
g e Lj(R), we set 

(10.2.3) ( 9 , n 2 M)R/ 2 z := (<P/M)r = {(p, /)r - (H(p,g)]R. 

This defines n 2 M as a distribution on the circle (compare with (17.3.2t l. 


Proposition 10.2.2. For u e £(R) of the form u = f + Hg, where f e L^(R) and g e Lj(R), we have 
that TI 2 U - Tl 2 f -E H 2 n 2 g. In particular, n 2 maps fi(R) —> £(R/2Z) continuously. 


Proof. For a 2-periodic test function (p e C“(R/2Z), we check that 

{y>,Id.2f + H2n2g)R/2Z = (<P/n2/)R/2Z “ (H2(p, n2g)R/2Z = {(p> /)r ~ (il2(p/g)u, 

where we applied the identity (I10.2.2II twice. If we compare this with (110.2. 3t , we realize we 
have the same expression, because Hep and H 2 ^ differ by a constant. After all, they are two 
harmonic conjugates of one and the same function, and g armihilates constants. □ 
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11. The SPANNING PROBLEM FORMULATION OF ThEOREm I1.8.2I 
11.1. A reformulation of Theorem ll.8.21 Let us consider the following problem. 


Problem 11.1.1. For which values of the positive real parameter is the linear span of the 
functions 

en{t) := e™', m,ne 

weak-star dense in H“(]R)? 

We first remark that the functions e'™‘ and for m,n £ Z+,o belong to H“(]R) (they 

have bounded holomorphic extensions to C+), so that the problem makes sense. A simple 
scaling argument allows us to take a •.= 1, so that Theorem \l.8.2\ is equivalent to Problem [ll.l.l\ 
having an affirmative answer if and only if fi <1. 

With respect to the dual action (•, •)e on the line, the understood predual of Hf(R) is the 
quotient space L^(]R)/H|(R). So, in terms of duality, the question raised in Problem II 1.1. II is: 
When, provided that f e L^(]R), do we have the implication 

(11.1.1) <e„,/)K = <ef,/)K = 0 Vm,neZ+,o ^ / e H|(R)? 


The argument involving point separation in C+ from IIT^ applies here as well, which makes 
jS < 1 a necessary condition for the implication (111.1. It to hold. Actually, as mentioned in the 
introduction, the methods of Q supply infinitely many linearly independent counterexamples 
for |3 > 1. 

Also, by testing with n = 0, we note that we might as well assume that / e Lj(R) in dll. 1. It . 
In view of dl0.2.1t . 


( 11 . 1 . 2 ) 



e‘””*n2/(f)df - (e«,n2/)R/2Z/ 


so that for / e L^(R) we have the equivalence 


jVn e Z +,0 : {e„,f}u = o} ^ n 2 / e h1(R/2Z). 

Since where is the involutive operator studied in Subsections 15.11 and 110.11 we 

have that 

(fWm^}R = {f,T^em)u = {ipf,em)]R, 
which leads for / e L^(R) to the equivalence 

jVmeZ+,o: <ef,/>R = 0} ^ n2j,j/e Hi(R/2Z). 

We can now rephrase the question dll. 1. It and hence Problem lll.l.ll 
Problem 11.1.2. Fix 0 < |3 < 1. Is it true that for / e Lj(R), 

02/, n2j^/ e Hi (R/2Z) / e H^(R)? 


It is rather obvious that the reverse implication holds (use, e.g.. Propositions 110.1.11 and 
IIP. 2. It . If we think of 112/ and n 2 j^/ as 2-periodic "shadows" of / and J^/, the issue at hand 
is whether knowing that the two shadows are in the right space we may conclude the function 
comes from the space H^ (R). We note here that the main result of IfT^ may be understood as 
the assertion that / is determined uniquely by the two "shadows" 112 / iind Tliipf if and only iff < 1. 
This offers some rather weak support for the plausibility of the implication of Problem 1 11. 1.21 
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11.2. An alternative reformulation in terms of the space £(]R). We begin with a function 
/ e LJ(]R), and form the conjugate-analytic Szego projection (cf. (I4.2.6H 

u := P_/ = i(/ - iH/) e LJ(]R) + HLJ(]R) c £(]R). 

Then, by Definition 1 10. 1.31 

= J^P_/ = i(J^/ - iJ^H/) = 1(J^/ - iHJ^/) e Lj(]R) + HLJ(R) c £(R), 
and we calculate that (use Lemma [l0.2.2t 

(11.2.1) n2M = i(n2/ - in2H/) = ^( 02 / - iH2n2/) = i(I-iH2)n2/ e £(R/2Z), 
and that (use Proposition 110.2.^ again) 

(11.2.2) n2j^M = -(n2j^/- in2HJ^/) = -(n2j^/-iH2n2j^/) = -(I-iH2)n2j^/ e £(R/2Z). 

Here, we write I for the identity operator. Modulo the constants, the operator P 2 ,- := |(I —iH 2 ) 
projects to the 2-periodic conjugate-holomorphic functions in the upper half-plane C+, and 
H|(R/2Z) is indeed mapped to {0}: 

(11.2.3) P2,-H1(R/2Z) = |0|. 

Hence we conclude from dll. 2. Ill and (111.2.21 that 

n 2 /, n 2 j^/ e h|(r/ 2Z) n 2 M = n 2 j^M = o. 

We are led to consider the following problem. Let £o(R) be the one-codimensional subspace 
of £(R) given by 

£o(R) Lj(R) -i- HLJ(R) c £(R). 

Problem 11.2.1. Fix 0 < |3 < 1. Is it true that for u e £o(R), 

n2W = n2j^M = 0 M = 0? 


Proposition 11.2.2. If the answer to Problem \il.2.1\ is affirmative, then the answers to Problems \ll.l.l\ 
and \ll.l.l\ are affirmative as well, and the assertion ofTheorem \1.8.2\ is valid. 

Proof. We already know that Problems 111.1.11 and I11.L21 are equivalent. Let / e L^(R) be 
such that 112 / £ Hj(R/2Z) and n 2 j^/ £ H+(R/2Z). Then, as a first step, / £ Lj(R) by the 
identity (110.2.11 with n = 0. We recall the notation P_ := j(I -iH) for the Szego projection to 
the conjugate-holomorphic functions in C+. Next, we consider the distribution u := P_/ = 
j{f — iH/) £ £o(R), and use the identities (111.2.11 and (111.2.21 together with (111.2.31 to see that 
n 2 M = Tl 2 jpu - 0. Now, given that Problem 111. 2. II has an affirmative answer, we have that 
P_/ = u = 0, which is only possible for / £ L^(R) if / £ H|(R). We conclude that Problems 
lll.l.ll and lll.l.2] have affirmative answers as well. Finally, given the discussion in Subsection 
11.81 the correctness of the assertion of Theorem ll.8.2l follows as well. □ 

11.3. The connection with an extension of ergodic theory. In llTlI , the following result is 
obtained as an application of an extension of ergodic theory in the setting of Gauss-type maps. 

Theorem 11.3.1. (see ITtI I For 0 < /S < 1 and u £ £o(R), the following implication holds: 

TI 2 U = Tl 2 j^u = 0 => u - 0. 


Modulo this result, we may now conclude the proof of Theorem ll.8.21 
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ProofofTheorem [l.8.2\ As observed right after the formulation of Theorem II. 8 . 2[ a scaling ar¬ 
gument allows us to reduce the redundancy and^'x a = 1, in which case the condition 0 < a < 1 
reads 0 < |3 < 1. Now, in view of fhe above Subsecfion lll.ll and ensuing Proposifion 111.2.^ fhe 
required asserfion is an immediafe consequence of Theorem lll.3.11 □ 

If remains fo explain how Theorem lll.3.1l cormecfs wifh an exfension of ergodic fheory. The 
cormecfion is sfrongesf for jS = 1, which is why we resfricf our affenfion fo fhis value of |3. For 
u e fio(lR)/ we need fo show fhaf if TI 2 U - 0 and if TI 2 J 1 U = 0 , fhen m = 0 is fhe only possibilify 
We split 112 = I +^ 2 / so that 

L 2 u{t) = u{t + 2i), 

/ezx 

where the two sides are to be understood liberally (compare with (I10.2.3ll l. Then n 2 M = 0 is 
the same asu = -L 2 U, while n 2 jiw = 0 means that Jim = -L 2 J 1 M. Since Ji is an involution, we 
could write the latter as m = —J 1 L 2 J 1 M. We may need to be careful wifh fhe inferprefation of 
the right-hand side, but let us not worry about that now. So, the two pieces of informafion we 
have abouf u e fio(lR) is that u = -L 2 U and u = —J 1 E 2 J 1 M. We are free to combine them: 

(11.3.1) u = L 2 ]iI^ 2 ]iu and u - ]iL 2 jiL 2 U. 

If we write Ti := L 2 J 1 and Vi := ]iL 2 , dll. 3. Ill maintains that u = T^u and u = V^u. The 
operator Ti behaves like the transfer operator associated with the Gauss-type transformation 
Ti(^) = {-l /^}2 (see, e.g. d3.4.2H , but to get a precise fit we need to restrict our space of 
distributions to the symmetric standard interval tj, and consider S(ti). Of course Tj acts 
contractively on the space L^(Ii) (see Proposition 13.4.11 , but on the larger space fi(ti) it is no 
longer a norm contraction on the space (but it does define a bounded operator), see lllTl . This 
is a serious complication, which is overcome only by a careful analysis of the action of the 
iterates of the transfer operator on the Hilbert kernel. We remark that on the interval tj, the 
equality u - T^u asks for u to be an "invariant configuration" in the state space fi(ti) for 
the composition square of the Gauss-type transformation. In the considerably simpler L^(Ii) 
setting, this is the same as being a scalar multiple of the invariant measure (this observation 
uses ergodicity). From a functional analysis perspective, in the case of a finite mass invariant 
measure, ergodicity can be understood as the property that the given invariant measure is 
an extreme point in the convex body of all the invariant probability measures. In the case at 
hand, the absolutely continuous invariant measure is (1 - t^)~^dt, which is ergodic but has 
infinite mass, so it does not fit in the standard functional analysis interpretation. Then we still 
would know from ergodicity that the only possible solution to m = T^m with u e L^(Ii) is the 
function u = 0 (see, e.g. IIT^ ). In this sense, the assertion that m = 0 is the only possibility in the 
larger state space 2(Ii) extends the standard ergodic theory. The analogue for a transformation 
without an indifferent fixed point would be the statement that the given invariant configuration 
is unique up to scalar multiples within the state space S(Ii). As for the state space S(ti), we 
can think of this as arising from a mix of absolutely continuous signed densities of two types 
of particles, (i) point particles (represented by 6 ^), and (ii) defocused particles (represented 
by H 64 ;). In the defocused case, we need to include source points ^ located outside the basic 
interval h; if we would prefer to consider only ^ e Ii, the Hilbert transform needs some slight 
modification to give the whole space S(ti) in this marmer. 
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